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ABSTRACT

In this paper, a new class of generalization of closed sets called θ-generalized star
semi-closed (briefly. θg∗s-closed) sets in topological spaces is introduced and some
of their basic properties are investigated. This new class of sets lies between the
class of regular closed sets and the class of regular generalized closed sets. Further
the notions of θgT1/2

∗-space, ∗
θgT1/2-space, θgT1/2

∗∗-space, θg∗s-continuous func-
tions, θg∗s-irresolute functions and θg∗s-closed maps are also introduced and their
properties are discussed. Several examples are provided to illustrate the behavior
of new sets.
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1. INTRODUCTION

In 1963, Levine [8] introduced the notion of semi-open sets, the notion of gener-
alized closed (briefly. g-closed) sets were defined and investigated its fundamental
properties. Velicko [21] introduced the notion of θ-closed sets and it is well known
that the collection of all θ-closed sets of a topological space forms a topology and is
denoted τθ. Dontachev and Maki [5] gave some interesting results in θ-generalized
closed(briefly. θg-closed) sets using θ-closure operator.

Palaniappan and Rao [13], Veerakumar [17], Nagaveni [12], Veerakumar [18],
Gnanambal [7], Sreeja [15], Sathishmohan [14] and Veerakumar [19] introduced
rg-closed sets, αgr-closed sets, rωg-closed sets, g#-closed sets, gpr-closed sets,
g∗sr-closed sets, θg∗-closed sets and ψ-closed sets respectively.

In this paper, we introduce a new class of sets called θg∗s-closed set in topological
spaces. This class lies between the class of r-closed sets and the class of rg-closed
sets and we study some of its basic properties and characterizations. interestingly it
turns out that the family of θg∗s-closed sets of topological space forms a topology.
This collection is denoted by τθg∗s. From the definitions, it follows immediately that
τθ ⊆ τθg∗s. We introduce new type of spaces called θgT1/2

∗-space, ∗
θgT1/2-space,

θgT1/2
∗∗-space.

2. PRELIMINARIES

Throughout this paper the space (X, τ) represents the topological spaces on
which no separation axioms are assumed unless otherwise mentioned. Let A be a
subset of a space (X, τ) then clθ(A), intθ(A) and Acθ denote the θ-closure of A,
θ-interior of A and θ-complement of A respectively.

Definition 2.1. A subset A of space (X, τ) is called

(1) semi-closed set [2], if int(cl(A)) ⊆ A
(2) α-closed set [10], if cl(int(cl(A)) ⊆ A
(3) regular closed set [16], if A = cl(int(A))
(4) preclosed set [11], if cl(int(A)) ⊆ U

The complements of the above mentioned closed sets are called their respective open
sets.
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The semi-closure [2] (resp. α-closure [10], r-closure [16] and pre-closure [11])
of a subset A of X, denoted by scl(A)(resp. αcl(A), rcl(A) and pcl(A)) is defined
to be the intersection of all semi-closed(resp. α-closed, r-closed and pre-closed) of
(X, τ) containing A.

Definition 2.2. [21] A point x of a space (X, τ) is called θ-adherent point of a
subset A of X if cl(U) ∩A 6= φ, for every open set U containing x.
The set of all θ-adherents points of A is called the θ-closure of A and is denoted by
clθ(A). A subset A of a space X is called θ-closed if and only if A = clθ(A). The
complement of a θ-closed set is called θ-open.

Definition 2.3. [4] A point x of a space (X, τ) is called semi θ-cluster point of A
if A ∩ scl(U) 6= φ, for every semi-open set U containing x.
The set of all semi θ-cluster points of A is called semi θ-closure of A and is de-
noted by sclθ(A). Hence, a subset A is called semi θ-closed if sclθ(A) = A. The
complement of a semi θ-closed set is called semi θ-open set.

Definition 2.4. A subset A of a space (X, τ) is called

(1) a generalized closed (briefly. g-closed) set [8], if cl(A) ⊆ U whenever A ⊆ U
and U is open in (X, τ).

(2) a regular generalized closed (briefly. rg-closed) set [13], if cl(A) ⊆ U when-
ever A ⊆ U and U is r-open in (X, τ).

(3) a α generalized regular closed (briefly. αgr-closed) set [17], if αcl(A) ⊆ U
whenever A ⊆ U and U is r-open in (X, τ).

(4) a regular ω generalized closed (briefly. rωg-closed) set [12] if cl(int(A)) ⊆ U
whenever A ⊆ U and U is r-open in (X, τ).

(5) a θ generalized closed (briefly. θg-closed) set [5], if clθ(A) ⊆ U whenever
A ⊆ U and U is open in (X, τ).

(6) a g#-closed set [18], if cl(A) ⊆ U whenever A ⊆ U and U is αg-open in
(X, τ).

(7) a ψ-closed set [19], if scl(A) ⊆ U whenever A ⊆ U and U is sg-open in
(X, τ).

(8) a g∗sr-closed set [15], if rcl(A) ⊆ U whenever A ⊆ U and U is gs-open in
(X, τ).

(9) a gpr-closed set [7]if pcl(A) ⊆ U whenever A ⊆ U and U is r-open in
(X, τ).

(10) a θg∗-closed set [14], if clθ(A) ⊆ U , whenever A ⊆ U and U is g-open in
(X, τ).

Definition 2.5. A function f : (X, τ)→ (Y, σ) is called

(1) θ-continuous [21] if f−1(V ) is θ-closed set of (X, τ) for every closed set V
of (Y, σ).

(2) semi θ-continuous [4] if f−1(V ) is semi θ-closed set of (X, τ) for every
closed set V of (Y, σ).

(3) r-continuous [16] if f−1(V ) is r-closed set of (X, τ) for every closed set V
of (Y, σ).

(4) rg-continuous [13] if f−1(V ) is rg-closed set of (X, τ) for every closed set
V of (Y, σ).

(5) αgr-continuous [17] if f−1(V ) is αgr-closed set of (X, τ) for every closed
set V of (Y, σ).

(6) rωg-continuous [12] if f−1(V ) is rωg-closed set of (X, τ) for every closed
set V of (Y, σ).

(7) gpr-continuous [7] if f−1(V ) is gpr-closed set of (X, τ) for every closed set
V of (Y, σ).
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(8) g∗sr-continuous [15] if f−1(V ) is g∗sr-closed set of (X, τ) for every closed
set V of (Y, σ).

(9) a θg∗-continuous [14], if f−1(V ) is θg∗-closed set of (X, τ) for every closed
set V of (Y, σ).

Definition 2.6. A map f : (X, τ)→ (Y, σ) is called

(1) θ-closed map [21] if f(V ) is θ-closed set of (Y, σ) for every closed set of V
of (X, τ).

(2) semi θ-closed map [4] if f(V ) is semi θ-closed set of (Y, σ) for every closed
set of V of (X, τ).

(3) r-closed map [16] if f(V ) is r-closed set of (Y, σ) for every closed set of V
of (X, τ).

(4) rg-closed map [13] if f(V ) is rg-closed set of (Y, σ) for every closed set of
V of (X, τ).

(5) αgr-closed map [17] if f(V ) is αgr-closed set of (Y, σ) for every closed set
of V of (X, τ).

(6) rωg-closed map [12] if f(V ) is rωg-closed set of (Y, σ) for every closed set
of V of (X, τ).

(7) gpr-closed map [7] if f(V ) is gpr-closed set of (Y, σ) for every closed set of
V of (X, τ).

(8) g∗sr-closed map [15] if f(V ) is g∗sr-closed set of (Y, σ) for every closed set
of V of (X, τ).

(9) θg∗-closed map [14] if f(V ) is θg∗-closed set of (Y, σ) for every closed set
of V of (X, τ).

Definition 2.7. A space (X, τ) is called a

(1) Tb-space [3] if every gs-closed set in it is closed.
(2) T1/2-space [6] if every g-closed set in it is closed.
(3) αTd-space [10] if every αg-closed set in it is g-closed.
(4) Td-space [1] if every gs-closed set in it is g-closed.
(5) T1/2

∗-space [20] if every g∗-closed set in it is closed.

3. θg∗s-closed sets

In this chapter, we introduce and study the notion of θg∗s-closed sets in topo-
logical spaces and obtain some of its basic properties.

Definition 3.1. A subset A of a topological space (X, τ) is called θ-generalized star
semi-closed (briefly θg∗s-closed) if sclθ(A) ⊆ U whenever A ⊆ U and U is g-open.
The complement of θg∗s-closed set is called θg∗s-open.

Theorem 3.2. Every semi θ-closed set (resp. r-closed set, g∗sr-closed set, θ-closed
set and θg∗-closed set) is θg∗s-closed but not conversely.
Proof: Let A ⊂ X be semi θ-closed (resp. r-closed set, g∗sr-closed set, θ-closed
and θg∗-closed set). Let U be g-open set such that A ⊆ U . Since A is sclθ(A)
and sclθ(A) ⊆ U (resp. rcl(A) ⊆ clθ(A) ⊆ sclθ(A) ⊆ U). This means that A is
θg∗s-closed.

Example 3.3. Let X = {a, b, c, d} and τ = {φ, {a}, {b, c}, {a, b, c}, X}. Let A =
{a, b, d}. Then A is θg∗s-closed but not r-closed, semi θ-closed, g∗sr-closed set,
θ-closed and θg∗-closed.

Theorem 3.4. Every θg∗s-closed set is rg-closed (resp. αgr-closed, gpr-closed and
rωg-closed) but not conversely.
Proof: Let A be any θg∗s-closed. Let A ⊆ U and U be r-open in X. Every r-
open set is open. Then cl(A) ⊆ sclθ(A) ⊆ U (resp. pcl(A) ⊆ αcl(A) ⊆ rcl(A) ⊆
sclθ(A) ⊆ U). Hence A is rg-closed (resp. αgr-closed, gpr-closed and rωg-closed).
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Example 3.5. Let X = {a, b, c, d} and τ = {φ, {b, c}, X}. Let A = {a}. Then A
is rg-closed, αgr-closed, gpr-closed and rωg-closed but not θg∗s-closed.

Remark 3.6. From the definition defined above, we have the following implication

None of the implications is reversible.

Lemma 3.7. If A and B are subsets of a topological space (X, τ), then sclθ(A∪B)=
sclθ(A) ∪ sclθ(B) and sclθ(A ∩B) ⊆ sclθ(A) ∩ sclθ(B).

Theorem 3.8. Union of any two θg∗s-closed sets is a θg∗s-closed set in X.
Proof: Let A and B be any two θg∗s-closed sets in X. Let U be an g-open set in
X such that A ∪B ⊆ U . Then A ⊆ U and B ⊆ U . Since A and B are θg∗s-closed
sets sclθ(A) ⊆ U and sclθ(B) ⊆ U . Therefore sclθ(A)∪sclθ(B) = sclθ(A∪B) ⊆ U .
Therefore (A ∪B) is θg∗s-closed set in X.

Example 3.9. Consider X = {a, b, c} with the topology τ = {φ, {c}, {a, c}, X}. Let
A = {b} and B = {a, b}, then A and B are θg∗s-closed sets in X and A∪B = {a, b}
is θg∗s-closed in X.

Theorem 3.10. intersection of any two θg∗s-closed sets is θg∗s-closed.
Proof: Let A and B be any two θg∗s-closed sets in X. Let U be an g-open set in
X such that A ∩B ⊆ U . Then A ⊆ U and B ⊆ U . Since A and B are θg∗s-closed
sets sclθ(A) ⊆ U and sclθ(B) ⊆ U . Therefore sclθ(A)∩sclθ(B) = sclθ(A∩B) ⊆ U .
Therefore (A ∩B) is θg∗s-closed set in X.

Example 3.11. Consider X = {a, b, c, d} with the topology τ = {φ, {c}, {d}, {c, d}, X}.
Let A = {b, c} and B = {a, c}, then A and B are θg∗s-closed sets in X and
A ∩B = {c} is also a θg∗s-closed set in X.

Theorem 3.12. The intersection of a θg∗s-closed set and a semi θ-closed set is
always semi θ-closed.
Proof: Let A be a θg∗s-closed set and let F be semi θ-closed. Let U be an open set
such that A ∩ F ⊆ U . Set G = X\F . Then A ⊆ U ∪ G. Since G is semi θ-open,
U ∪ G is open and since A is θg∗s-closed, sclθ(A) ⊆ U ∪ G. Now by Lemma 3.7,
sclθ(A∩F ) ⊆ sclθ(A)∩ sclθ(F ) = sclθ(A)∩F⊆ (U ∪G)∩F= (U ∩F )∪ (G∩F )=
(U ∩ F ) ∪ φ ⊆ U .
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Theorem 3.13. For any element x ∈ X. The set X is θg∗s-closed set or g-open.
Proof: Suppose X\{x} is not g-open, then X is the only g-open set containing
X\{x}. This implies sclθX\{x} ⊆ X. Hence X\{x} is θg∗s-closed or g-open in
X.

Remark 3.14. The collection of all θg∗s-closed sets of a topological space forms a
topology and is denoted by τθg∗s.

Remark 3.15. If A is a θg∗s-closed set and F is a θ-closed set, then A ∩ F is a
θg∗s-closed set.
Proof: Since F is θ-closed, it is θg∗s-closed. Therefore by Remark 3.14, A∩F is a
θg∗s-closed set.

Definition 3.16. The intersection of all θg∗s-open subsets of (X, τ) containing A
is called the θg∗s-kernal of A and is denoted
by θg∗sker(A).

Theorem 3.17. A subset A of (X, τ) is θg∗s-closed if and only if sclθ(A) ⊆θg∗s
ker(A).
Proof: Suppose that A is θg∗s-closed. Then sclθ(A) ⊆ U whenever A ⊆ U and U is
g-open. Let x ∈ sclθ(A). If x /∈θg∗s ker(A), then there is a g-open set U containing
A such that x /∈ U . Since U is a g-open set containing A, we have x /∈ sclθ(A) and
this is a contradiction.
Conversely, let sclθ(A) ⊆θg∗s ker(A). If U is any g-open set containing A, then
sclθ(A) ⊆θg∗s ker(A) ⊆ U . Therefore A is θg∗s-closed.

Proposition 3.18. Let A ⊆ Y ⊆ X where Y is open and suppose that A is θg∗s-
closed in (X, τ). Then A is θg∗s-closed relative to Y .
Proof: Let A ⊆ Y ∩ H where H is g-open in (X, τ). Then A ⊆ H and hence
sclθ(A) ⊆ H. This implies that Y ∩ sclθ(A) ⊆ Y ∩ H. Thus A is θg∗s-closed
relative to Y .

Theorem 3.19. A subset A is θg∗s-closed if and only if sclθ(A)− A contains no
non-empty g-closed set.
Proof: Necessity: Let F be a g-closed subset of sclθ(A) − A. Then
A ⊆ X − F where A is θg∗s-closed and X − F is g-open. Since A is sclθ(A),
then sclθ(A) ⊆ X − F that is F ⊆ X − sclθ(A). Since by assumption F ⊆ sclθ(A)
then F ⊆ (X − sclθ(A)) ∩ (sclθ(A)) = φ. This proves that F is empty.
Sufficiency: Suppose that A ⊆ U and U is g-open. If sclθ(A) ⊆ U , then sclθ(A)∩
(X − U) ⊂ cl(A) ∩ (X − U) is non-empty g-closed subset of sclθ(A)−A.

Theorem 3.20. A subset A of X is θg∗s-open if and only if F ⊂ sintθ(A) whenever
F ⊂ A and F is g-closed.
Proof: Necessity: Assume that A is θg∗s-open set. Then Ac is θg∗s-closed set.
Let F be a g-closed set in X contained in A. Then F c is an g-open set containing
Ac in X. Since Ac is θg∗s-closed, sclθ(A

c) ⊂ F c. Taking complements on both
sides, we have F ⊂ sintθ(A).
Sufficiency: If F is a g-closed set with F ⊂ sintθ(A) whenever F ⊂ A, then it
follows that Ac ⊂ F c and (sintθ(A))c ⊂ F c that is sclθ(A

c) ⊂ F c. Therefore Ac is
a θg∗s- closed set and therefore A is a θg∗s-open set.

Theorem 3.21. If sintθ(A) ⊂ B ⊂ A and if A is a θg∗s-open set, then B is a
θg∗s-open set in X.
Proof: We have sintθ(A) ⊂ B ⊂ A. Then Ac ⊂ Bc ⊂ sintθ(A

c) and Ac is θg∗s-
closed. By above Theorem, Bc is θg∗s-closed. Hence B is a θg∗s-open set.

Now, we define the application of θg∗s-closed set and namely, ∗
θgT1/2-space,

∗
θgT1/2-space and θgT1/2

∗∗-space.
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Definition 3.22. A space (X, τ) is called

• θgT1/2
∗ space if every θg∗s-closed set of (X, τ) is a closed set.

• a ∗
θgT1/2 space if every θg∗s-closed set of (X, τ) is a g∗-closed set.

• a θgT1/2
∗∗ space if every θg∗s-closed set of (X, τ) is g-closed.

Theorem 3.23. Every Tb space is θgT1/2
∗ space but not conversely.

Proof: Let (X, τ) be a Tb space. Let A be a θg∗s-closed set of (X, τ). Then A is
also a gs-closed set. Since (X, τ) is a Tb space, then A is a closed set of (X, τ).
Therefore (X, τ) is a θgT1/2

∗ space.

Example 3.24. Let X = {a, b, c} and τ = {X,φ, {a}, {b}, {a, b}}. Then the space
(X, τ) is not a Tb space. Since {a} is a gs-closed set but not a closed set of (X, τ).
However (X, τ) is a θgT1/2

∗ space.

Theorem 3.25. Every T1/2 space is T1/2
∗ space but not conversely.

Proof: Let (X, τ) be a T1/2 space. Let A be a g∗-closed set of (X, τ). Then A is
also a g-closed set. Since (X, τ) is a T1/2 space, then A is a closed set of (X, τ).
Therefore (X, τ) is a T1/2

∗ space.

Example 3.26. Let X = {a, b, c} and τ = {X,φ, {a}}. Then the space (X, τ) is
not a T1/2 space. Since {b} is a g-closed set but not a closed set of (X, τ). However
(X, τ) is not a T1/2

∗ space.

Theorem 3.27. Every T1/2 space is ∗T1/2 space but not conversely.
Proof: Let (X, τ) be a T1/2 space. Let A be a g-closed set of (X, τ). Then A is
also a g-closed set. Since (X, τ) is a T1/2 space, then A is a g∗-closed set of (X, τ).
Therefore (X, τ) is a ∗T1/2 space.

Example 3.28. Let X = {a, b, c} and τ = {X,φ, {a, c}}. Then the space (X, τ)
is not a T1/2 space. Since {a, b} is a g-closed set but not a closed set of (X, τ).
However (X, τ) is not a ∗T1/2 space.

4. θg∗s-continuous functions and θg∗s-irresolute functions

In this section, we study the concepts of θg∗s-continuous functions and θg∗s-
irresolute functions in topological spaces and also we discuss some of their proper-
ties.

Definition 4.1. A function f : (X, τ)→ (Y, σ) is called θg∗s-continuous if f−1(V )
is θg∗s-closed set in (X, τ) for every closed set V in (Y, σ).

Example 4.2. Let X = Y = {a, b, c}, τ = {φ, {a, b}, X} and σ = {φ, {a, b}, Y }.
Define f : (X, τ) → (Y, σ) by f(a) = f(c) = c and f(b) = a. Then f : (X, τ) →
(Y, σ) is θg∗s-continuous.

Theorem 4.3. Let f be a function from (X, τ) to (Y, σ).

(1) If f is r-continuous then it is θg∗s-continuous.
(2) If f is θ-continuous then it is θg∗s-continuous‘
(3) If f is semi− θ continuous then it is θg∗s-continuous.
(4) If f is g∗sr-continuous then it is θg∗s-continuous.
(5) If f is θg∗-continuous then it is θg∗s-continuous.

Proof: Let f : (X, τ)→ (Y, σ) is regular continuous. Let V be any closed set in Y .
The inverse image f−1(V ) is regular closed in X. Since every regular closed set is
θg∗s-closed. Hence f−1(V ) is θg∗s-closed in (X, τ). Hence f is θg∗s-continuous.
The proof of (2) to (5) is obvious.
The converse of the above are not true in general as it can be seen from the following
examples.
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Example 4.4. Let X = Y = {a, b, c, d}, τ = {φ, {c}, {d}, {c, d}, X} and σ =
{φ, {c, d}, Y }. Define f : (X, τ) → (Y, σ) by f(a) = a, f(b) = c, f(c) = b and
f(d) = d. Then f is θg∗s-continuous. Since f−1({a, b}) = {a, c} is not r-closed.
So f is not r-continuous.

Example 4.5. Let X = Y = {a, b, c}, τ = {φ, {a}, {a, c}, X} and σ = {φ, {c}, Y }.
Define f : (X, τ) → (Y, σ) by identity mapping. Then f is θg∗s-continuous. Since
f−1({a, b}) = {a, b} is not semi θ-closed. So f is not semi θ-continuous.

Example 4.6. Let X = Y = {a, b, c}, τ = {φ, {a}, {b}, {a, b}, X} and σ =
{φ, {b}, {a, b}, Y }. Define f : (X, τ) → (Y, σ) by identity mapping. Then f is
θg∗s-continuous. Since f−1({c}) = {c} is not θ-closed. So f is not θ-continuous.

Example 4.7. Let X = Y = {a, b, c, d}, τ = {φ, {a, b}, {a, b, c}, X} and σ =
φ, {a, b, c}, Y }. Define f : (X, τ)→ (Y, σ) by f(a) = f(b) = f(c) = a and f(d) = d.
Then f is θg∗s-continuous. Since f−1({d}) = {d} is not g∗sr-closed. So f is not
g∗sr-continuous.

Example 4.8. Let X = Y = {a, b, c}, τ = {φ, {b}, {c}, {b, c}, X} and σ = {φ,
{b}, {a, b}, Y}.Definef:(X, τ) → (Y, σ) by identity mapping. Then f is θg∗s-
continuous. Since f−1({c}) = {c} is not θg∗-closed. So f is not θg∗-continuous.

Theorem 4.9. Let f be a function from (X, τ) to (Y, σ).

(1) If f is θg∗s-continuous then it is rg-continuous.
(2) If f is θg∗s-continuous then it is αgr-continuous.
(3) If f is θg∗s-continuous then it is rωg-continuous.
(4) If f is θg∗s-continuous then it is gpr-continuous.

Proof: Let f : (X, τ) → (Y, σ) is θg∗s-continuous. Let V be any closed set in Y .
The inverse image f−1(V ) is θg∗s-closed in X. Since every θg∗s-closed set is rg-
closed. Hence f−1(V ) is rg-closed in (X, τ). Hence f is rg-continuous.
The proof of (2) to (4) is obvious.

Example 4.10. Let X = Y = {a, b, c, d}, τ = {φ, {c}, {d}, {c, d}, X} and σ =
{φ, {a, b}, {c, d}, Y }. Define f : (X, τ)→ (Y, σ) by f(a) = c, f(b) = b and f(c) = a.
Then f is rg-continuous. Since f−1({c}) = {a} is not θg∗s-closed. So f is not
θg∗s-continuous.

Example 4.11. Let X = Y = {a, b, c}, τ = {φ, {c}, {a, b}, X} and σ = {φ, {b}, Y }.
Define f : (X, τ)→ (Y, σ) by identity. Then f is αgr-continuous. Since f−1({a, c}) =
{a, c} is not θg∗s-closed. So f is not θg∗s-continuous.

Example 4.12. Let X = Y = {a, b, c}, τ = {φ, {a}, {a, c}, X} and σ = {φ, {b}, {a, b},
Y }. Define f : (X, τ)→ (Y, σ) by f(a) = c, f(b) = b and f(c) = a. Then f is rωg-
continuous. Since f−1({c}) = {a} is not θg∗s-closed. So f is not θg∗s-continuous.

Example 4.13. Let X = Y = {a, b, c, d}, τ = {φ, {a}, {a, b, c}, X} and σ =
{φ, {a, c, d}, Y }. Define f : (X, τ)→ (Y, σ) by identity. Then f is gpr-continuous.
Since f−1({b}) = {b} is not θg∗s-closed. So f is not θg∗s-continuous.

Remark 4.14. The composition of two θg∗s-continuous functions need not be θg∗s-
continuous as seen from the following example.

Example 4.15. Let X = Y = Z = {a, b, c}, τ = {φ, {b}, {a, c}, X}, σ = {φ, {a, c},
Y } and η = {φ, {c}, Z}. Define f : (X, τ) → (Y, σ) by f(a) = c, f(b) = b
and f(c) = a. Define g : (Y, σ) → (Z, η) by identity mapping. Then f and g
are θg∗s-continuous. Since {a, b} is closed in (Z, η). Since (g ◦ f)−1({a, b}) =
f−1(g−1({a, b})) = f−1({a, b}) = {b, c} which is not θg∗s-closed in X. Hence g ◦ f
is not θg∗s-continuous.
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Definition 4.16. A function f : (X, τ)→ (Y, σ) is called θg∗s-irresolute if f−1(V )
is θg∗s-closed set in (X, τ) for every θg∗s-closed set V in (Y, σ).

Example 4.17. Let X = Y = {a, b, c}, τ = {φ, {a}, {b}, {a, b}, X} and σ =
{φ, {a}, {b, c}, Y }. Define f : (X, τ) → (Y, σ) by f(a) = b, f(b) = a and f(c) = c.
Then inverse image of every θg∗s-closed set is θg∗s-closed under f . Hence f is
θg∗s-irresolute.

Remark 4.18. Every θg∗s-irresolute function is θg∗s-continuous but not con-
versely.

Example 4.19. Consider X = Y = {a, b, c, d}, τ = {φ, {d}, {a, b, d}, X} and
σ = {φ, {b}, {d}, {b, d}, Y }. Define f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b,
f(c) = c and f(d) = d. Then f is θg∗s-continuous but not θg∗s-irresolute function.

Theorem 4.20. Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be any two
functions. Then

(1) g ◦ f is θg∗s-continuous, if g is r-continuous and f is θg∗s-continuous.
(2) g ◦ f is θg∗s-irresolute, if g is θg∗s-irresolute and f is θg∗s-irresolute.
(3) g ◦ f is θg∗s-continuous, if g is θg∗s-continuous and f is θg∗s-irresolute.

Proof:

(1) Let V be closed in (Z, η). Then g−1(V ) is r-closed in (Y, σ), since g is r-
continuous. Then θg∗s-continuity of f implies f−1(g−1(V )) is θg∗s-closed
in (X, τ). That is, (g ◦ f)−1(V ) is θg∗s-closed in (X, τ). Hence g ◦ f is
θg∗s-continuous.

(2) Let V be θg∗s-closed in (Z, η). Then g−1(V ) is θg∗s-closed in (Y, σ), since
g is θg∗s-irresolute. As f is θg∗s-irresolute f−1(g−1(V )) is θg∗s-closed in
(X, τ). Therefore g ◦ f is θg∗s-irresolute.

(3) Let V be closed set in (Z, η). Then g−1(V ) is θg∗s-closed in (Y, σ), since g
is θg∗s-continuous. As f is θg∗s-irresolute f−1(g−1(V )) is θg∗s-closed set
in (X, τ). Therefore g ◦ f is θg∗s-continuous.

5. θg∗s-closed maps

In this section, we discuss θg∗s-closed maps in topological spaces and study the
relationships between the existing maps.

Definition 5.1. A map f : (X, τ)→ (Y, σ) is called θg∗s-closed map if the image
of each closed set in X is θg∗s-closed in Y .

Example 5.2. Let X = Y = {a, b, c}, τ = {φ, {c}, {a, c}, X} and σ = {φ, {a}, {b},
{a, b}, Y }. Define f : (X, τ) → (Y, σ) by identity mapping. Then for every closed
set in X, f(V ) is θg∗s-closed in Y . Therefore f is θg∗s-closed map.

Theorem 5.3. Every r-closed map is θg∗s-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ)→ (Y, σ) is r-closed map. Hence
f(V ) r-closed in Y . Since every r-closed set is θg∗s-closed set in Y . Therefore f(V )
is θg∗s-closed in Y . Hence f is θg∗s-closed map.

Example 5.4. Let X = Y = {a, b, c}, τ = {φ, {c}, {a, c}, X} and σ = {φ, {a}, {b},
{a, b}, Y }. Define f : (X, τ) → (Y, σ) by identity mapping. Then f(V ) is θg∗s-
closed map. But f({a, b}) = {a, b} is not r-closed. So f is not r-closed map.

Theorem 5.5. Every semi θ-closed map is θg∗s-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ)→ (Y, σ) is semi θ-closed map.
Hence f(V ) semi θ-closed in Y . Since every semi θ-closed set is θg∗s-closed set in
Y . Therefore f(V ) is θg∗s-closed in Y . Hence f is θg∗s-closed map.
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Example 5.6. Let X = Y = {a, b, c, d}, τ = {φ, {d}, X} and σ = {φ, {c, d}, Y }.
Define f : (X, τ) → (Y, σ) by identity mapping. Then f(V ) is θg∗s-closed map.
But f({a, b, c}) = {a, b, c} is not semi θ-closed. So f is not semi θ-closed map.

Theorem 5.7. Every θ-closed map is θg∗s-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ) → (Y, σ) is θ-closed map.
Hence f(V ) is θ-closed in Y . Since every θ-closed set is θg∗s-closed set in Y .
Therefore f(V ) is θg∗s-closed in Y . Hence f is θg∗s-closed map.

Example 5.8. Let X = Y = {a, b, c}, τ = {φ, {a}, {a, c}, X} and σ = {φ, {a}, {b},
{a, b}, Y }. Define f : (X, τ) → (Y, σ) by identity mapping. Then f(V ) is θg∗s-
closed map. But f({b}) = {b} is not a θ-closed set. So f is not a θ-closed map.

Theorem 5.9. Every g∗sr-closed map is θg∗s-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ) → (Y, σ) is g∗sr-closed map.
Hence f(V ) is g∗sr-closed in Y . Since every g∗sr-closed set is θg∗s-closed set in
Y . Therefore f(V ) is θg∗s-closed in Y . Hence f is θg∗s-closed map.

Example 5.10. Let X = Y = {a, b, c, d}, τ = {φ, {b}, {d}, {b, d}, X} and σ =
{φ, {d}, {b, c, d}, Y }. Define f : (X, τ)→ (Y, σ) by identity mapping. Then f(V ) is
θg∗s-closed map. But f({a, c, d}) = {a, c, d} is not a g∗sr-closed set. So f is not a
g∗sr-closed map.

Theorem 5.11. Every θg∗-closed map is θg∗s-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ) → (Y, σ) is θg∗-closed map.
Hence f(V ) is θg∗-closed in Y . Since every θg∗-closed set is θg∗s-closed set in Y .
Therefore f(V ) is θg∗s-closed in Y . Hence f is θg∗s-closed map.

Example 5.12. Let X = Y = {a, b, c}, τ = {φ, {c}, {a, b}, X} and σ = {φ, {a}, {b},
{a, b}, Y }. Define f : (X, τ) → (Y, σ) by identity mapping. Then f(V ) is θg∗s-
closed map. But f({a, b}) = {a, b} is not a θg∗-closed set. So f is not a θg∗-closed
map.

Theorem 5.13. Every θg∗s-closed map is rg-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ) → (Y, σ) is θg∗s-closed map.
Hence f(V ) is θg∗s-closed in Y . Since every θg∗s-closed set is rg-closed set in Y .
Therefore f(V ) is rg-closed in Y . Hence f is rg-closed map.

Example 5.14. Let X = Y = {a, b, c, d}, τ = {φ, {b, c}, X} and σ = {φ, {d}, {a, d},
Y }. Define f : (X, τ) → (Y, σ) by identity mapping. Then f(V ) is rg-closed map.
But f({a, d}) = {a, d} is not θg∗s-closed. So f is not θg∗s-closed map.

Theorem 5.15. Every θg∗s-closed map is αgr-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ) → (Y, σ) is θg∗s-closed map.
Hence f(V ) θg∗s-closed in Y . Since every θg∗s-closed set is αgr-closed set in Y .
Therefore f(V ) is αgr-closed in Y . Hence f is αgr-closed map.

Example 5.16. Let X = Y = {a, b, c}, τ = {φ, {b}, {c}, {a, b}, {b, c}, X} and
σ = {φ, {a}, {b, c}, Y }. Define f : (X, τ)→ (Y, σ) by identity mapping. Then f(V )
is αgr-closed map. But f({c}) = {c} is not θg∗s-closed. So f is not θg∗s-closed
map.

Theorem 5.17. Every θg∗s-closed map is rωg-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ) → (Y, σ) is θg∗s-closed map.
Hence f(V ) θg∗s-closed in Y . Since every θg∗s-closed set is rωg-closed set in Y .
Therefore f(V ) is rωg-closed in Y . Hence f is rωg-closed map.

Example 5.18. Let X = Y = {a, b, c}, τ = {φ, {c}, X} and σ = {φ, {a, b}, Y }.
Define f : (X, τ)→ (Y, σ) by identity mapping. Then f(V ) is rωg-closed map. But
f({a, b}) = {a, b} is not θg∗s-closed. So f is not θg∗s-closed map.
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Theorem 5.19. Every θg∗s-closed map is gpr-closed map but not conversely.
Proof: Let V be a closed set in (X, τ) and f : (X, τ) → (Y, σ) is θg∗s-closed map.
Hence f(V ) θg∗s-closed in Y . Since every θg∗s-closed set is gpr-closed set in Y .
Therefore f(V ) is gpr-closed in Y . Hence f is gpr-closed map.

Example 5.20. Let X = Y = {a, b, c, d}, τ = {φ, {d}, {b, c, d}, X} and σ =
{φ, {a, b}, {a, b, c}, Y }. Define f : (X, τ)→ (Y, σ) by identity mapping. Then f(V )
is gpr-closed map. But f({a}) = {a} is not θg∗s-closed. So f is not θg∗s-closed
map.

Theorem 5.21. A map f : (X, τ) → (Y, σ) is θg∗s-closed if and only if for each
subset S of Y and for each open set U containing f−1(S) there is a θg∗s-open set
V of Y such that S ⊆ V .
Proof: Suppose f is θg∗s-closed. Let S be a subset of Y and also an open set of
X such that f−1(V ) ⊆ (U). Conversely suppose that F is a closed set in X. Then
f−1(y − f(F )) = X − f and X − F is open. By hypothesis, there is a θg∗s-open
set V of Y such that f−1(F ) ⊆ UV and f−1(v) ⊆ X − F is open. Therefore
y− v ⊆ f(F )f(x− ⊆ y− v) which implies f(F ) = y− v. Since y− v is θg∗s-closed,
f(F ) is θg∗s-closed and thus f is θg∗s-closed map.

Theorem 5.22. A map f : (X, τ)→ (Y, σ) is regular closed map and g : (Y, σ)→
(Z, η) is θg∗s-closed map then g ◦ f : (X, τ)→ (Z, η) is θg∗s-closed map.
Proof: Let f : (X, τ) → (Y, σ) is regular closed map and g : (Y, σ) → (Z, η) is
θg∗s-closed map. Let f be any regular closed set in X. Since f : (X, τ)→ (Y, σ) is
regular closed in Y . Since g : (Y, σ) → (Z, η)is θg∗s-closed map. Then g(f(F ) is
θg∗s-closed set in Z. Hence g ◦ f : (X, τ)→ (Z, η) is θg∗s-closed map.

Remark 5.23. For the maps defined above, we have the following implications.

None of the implications is reversible.

References

[1] Bhattacharyya. P and Lahiri. B. K, Semi-generalized closed sets in Topology, Indian Journal
of Mathematics Vol. 29, No. 3(1987), Pp. 375-382.

[2] Crossely. S. G and Hildbrand. S. K, On semi-closure, Texas Journal of Science, Vol.22(1971),
Pp. 99-112.

[3] Devi. R, Maki. H and Balachanran. K, Semi generalized homeomorphisms and generalized
semi homeomorphisms, Indian Journal of pure and applied mathematics,26(3)(1995), Pp.271-
284.

International Journal of Scientific Research and Review

Volume 7, Issue 8, 2018

ISSN NO: 2279-543X

http://dynamicpublisher.org/78



[4] Di Maio. G and Noiri. T, On s-closed spaces, Indian Journal of Pure and Applied Mathe-

matics, Vol. 18(1987), Pp. 226-233.

[5] Dontechev. J and Maki. H, On θ-generalized closed sets, international Journal of Mathematics
and Mathematical Sciences, Vol. 22(1999), Pp. 239-249.

[6] Dunham. W, T1/2 space, Kyungpook Math.J., 17(1977), Pp.161-169.

[7] Gnanambal. Y, On generalized preregular closed sets in topological spaces, Indian Journal

of pure and applied mathematics, 28(3),(1997), Pp.351-360
[8] Levine.N, Generalized closed sets in topology, Rendi. Circolo Mathematico di Palermo,Vol.

2(1970),89-96.

[9] Maki. H, Devi. R and Balachandran. K, Generalized α-closed sets in topological spaces,
Bulletin of Fukuoka University of Education, Part III, 42 (1993), 13-21.

[10] Maki. H, Devi. R and Balachandran. K, Associated topologies of generalized α-closed sets

and α-generalized closed sets, Memoirs of the faculty of science, Kochi university. Series A:
Mathematics, 15,(1994), Pp.51-63.

[11] Mashour A. S, Abd El-Monsef M. E and El-Deeb. S. N, On precontinuous and weak pre con-
tinuous mappings, Proceedings of the mathematical and physical society of Egypt, 53(1982),

Pp.47-53.

[12] Nagaveni. N, Studies on generalizations of homeomorphisms in topological spaces,
Ph.D.Thesis, Bharathiar University, Coimbatore, 1999.

[13] Palaniappan. N and Rao. K.C, Regular generalized closed sets, Kyung-pook Mathematics

Journals, 33, (1993), 134-481.
[14] Sathishmohan. P, On θg∗-Closed Sets in Topological Spaces Journal of Mathematics and

Informatics, Vol. 13(2018), Pp. 55-70.

[15] Sreeja. D and Sasikala. B, Generalized star semi regular closed sets in topological spaces,
Malaya journal of matematik, S(1)(2015), Pp‘42-56.

[16] Stone. M, Application of the theory of boolean rings to general topology, Transaction of the

American Mathematical Society, Vol. 41(1937), Pp. 389-392.
[17] Veera kumar. M. K. R. S, On α-generalized regular closed sets, Indian journal of

mathematics., Vol. 44, No.2, Pp. 165-181.
[18] Veerakumar. M.K.R.S, g#-closed sets in topological spaces, Memoirs of the Faculty of the

Science Kochi University. Series A, Mathematics, 24(2003), pp.1-13.

[19] Veerakumar. M.K.R.S, Between ψ-closed sets and gsp-closed sets, Antartica Journal of Math-
ematics, 2(1)(2005), Pp.123-141.

[20] Veerakumar. M.K.R.S, g∗-semi-closed sets in topology, Acta Cienci India, 29, Vol.1(2003),

Pp.81-90.
[21] Velicko. N. V, On H-closed topological spaces, American Mathematical Society Translations,

Vol. 78(1968), Pp. 103-118.

International Journal of Scientific Research and Review

Volume 7, Issue 8, 2018

ISSN NO: 2279-543X

http://dynamicpublisher.org/79


