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Abstract  

The aim of this chapter is to introduce  *g -open maps and to continue the study of its relationship 

with various generalized open maps. We obtain some characterizations of these functions. 
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1. Introduction 

Different types of generalized closed maps and generalized open maps were studied by various 

researchers.  Recently, Devika and Vani introduced  *g -open sets in topological spaces.  Using 

this set, the authors introduce  *g -open maps in topological spaces and continue the study of their 

relationship with various generalized open maps. 

 

2. Preliminaries 

Throughout this paper X and Y represent the topological spaces on which no separation axioms are 

assumed unless otherwise mentioned.  For a subset A of a topological space X, clA and intA denote 

the closure of A and the interior of A respectively.  X \ A denotes the complement of A in X.  We 

recall the following definitions and results. 

 

Definition 2.1 

 A subset A of a space X is called 

  (i)  pre-open if A   int clA and pre-closed if cl intA   A, [8]    

  (ii) semi-open if A   cl intA and semi-closed if  int clA   A, [7] 

  (iii) semi-pre-open if A   cl int clA and semi-pre-closed if int cl intA   A, [1] 

  (iv)  -open if A   int cl intA and  -closed if cl int clA   A, [10] 

  (v)  regular open if A = int clA and regular closed if cl intA = A, [13] 
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(vi)  -open if A is the union of regular open sets and  -closed if A is the intersection of  

          regular closed sets, [16] 

The semi-closure (resp. pre-closure, resp. semi-pre-closure, resp. -closure, resp.b-closure) of a 

subset A of X is the intersection of all semi-closed (resp. pre-closed, resp.semi-pre-closed, resp.       

 -closed, resp. b-closed) sets containing A and is denoted by sclA (resp. pclA, resp. spclA, 

resp. clA , resp. bclA). 

 

Definition 2.2 

A subset A of a space X is called 

(i) regular generalized closed (briefly rg-closed) if clAU whenever AU and U is regular 

open, [11] 

(ii) generalized pre-regular closed (briefly gpr-closed) if pclAU whenever  AU and U is 

regular open, [5] 

(iii)  regular weakly generalized closed (briefly rwg-closed) if cl intA U whenever A U and    

U is regular open, [14] 

(iv)  -generalized closed (briefly g -closed) if clAU whenever AU and U is  -open, [4] 

Definition 2.3 [3] 

A subset A of a topological space (X, ) is called  *g -closed set if  clAU whenever AU 

and U is g -open in (X, ).  

The complements of the above mentioned closed sets are their respective open sets. 

Definition 2.4 

A map f: (X, )  (Y, ) is called  

(i)  regular open if for every open subset F of (X, ), the set f(F) is regular open  

    in (Y, ), [15] 

(ii)  rwg-open if for every open subset F of (X, ), the set f(F) is rwg-open in (Y, ), [9] 

(iii)  rg-open if for every open subset F of (X, ), the set f(F) is rg-open in (Y, ), [2] 

(iv)  gpr-open if for every open subset F of (X, ), the set f(F) is gpr-open in (Y, ), [6] 

 

  Remark 2.5 

(i) A is a  *g -open set if and only if  *g -intA=A 

(ii)  Let A and B be subsets of   (X, )  and if A  B, then  *g -intA    *g -intB 
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(iii)  If a subset N of a space X is  *g -open, then N is a  *g -neighbourhood of each of its     

           points. 

(iv)  A is a  *g -closed set if and only if  *g -clA=A 

(v)  Let A and B be subsets of (X, )  and if AB, then  *g -clA  *g -clB 

 

3.  *g  -Open Maps in Topological Spaces 

In this section, we introduce  *g -open maps in topological spaces. 

Definition 3.1 

A map f: (X, )  (Y, ) is called  *g -open if for every open subset U of (X, ), f (U) is a 

 *g -open set in (Y, ). 

Proposition 3.2   

Every regular open map is a  *g -open map. 

Proof  

Let us assume f: (X, )  (Y, ) be a regular open map and U be an open subset of (X, ).   Since    

f is a regular open map, by using Definition 2.4 (i), f (U) is a regular open set in (Y, ).  From the 

figure 1 of [3], f (U) is  *g -open in  ,Y .  Then by using Definition 3.1, f is a  *g -open 

map. 

The Example 3.3 shows that the converse of the above proposition need not be true. 

Example 3.3 

Let X=Y={a,b,c},  ={ ,{a,b},X} and  ={ ,{a},{b,c},X}. Let us assume the map                             

f: (X, )  (Y, ) be defined as f (a) = c, f (b) = a and f (c) = b.  Now the open sets in (X, ) are , 

{a,b} and X.  Here f ({a,b}) = {a,c}, which is a  *g -open set in(Y, ).  Therefore for every open 

set U in (X, ), f (U) is a  *g -open set in (Y, ).  Therefore f is a  *g -open map.  However, 

{a,c} is not a regular open set  in (Y, ).  Therefore f is not a regular open map. 
 

Proposition 3.4  

Every rg-open map is a  *g -open map. 

Proof 

Let us assume f: (X, )  (Y, ) be a rg-open map and U be an open subset of (X, ).  Since f is a 

rg-open map, by using Definition 2.4 (iii), f (U) is a rg-open set in (Y, ).  From the figure 1 of [3],    

f (U) is  *g -open in (Y, ).  Then by using Definition 3.1, f is a  *g - open map. 
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The Example 3.5 shows that the converse of the above proposition need not be true. 

Example 3.5 

 Let X=Y={a,b,c},  ={ ,{a,c},X} and  ={ ,{a},{b},{a,b},X}. Let us assume the map                   

f: (X, )  (Y, ) be defined as f (a) = c, f (b) = a and f (c) = b.  Now the open sets in (X, )  are  , 

{a,c} and X.  Here f ({a,c}) = {b,c}, which is a  *g -open set in (Y, ).  Therefore for every open 

set U in (X, ), f (U) is a  *g -open set in (Y, ).  Therefore f is a  *g -open map.  However, 

{b,c} is not a rg-open set  in (Y, ).  Therefore f is not a rg-open map. 
 

Proposition 3.6 

Every  *g -open map is a gpr-open map. 

Proof 

Let us assume f: (X, )  (Y, ) be a  *g -open map and U be an open subset of (X, ).  Since    

f is a  *g -open map, by using Definition 3.1, f (U) is a  *g -open set in (Y, ).  From the 

figure 1 of [1], f (U) is gpr-open in (Y, ).  Then by using Definition 2.4 (iv), f is a gpr-open map.  

The Example 3.7 shows that the converse of the above proposition need not be true. 

Example 3.7  

Let X=Y={a,b,c,d},  ={ ,{a,b,c},X} and  ={ ,{a},{a,b},X}.  Let us assume the map                  

f: (X, )  (Y, ) be defined as f (a) = d, f (b) = c and f (c) = b and f (d) = a.  Now the open sets in 

(X, ) are , {a,b,c} and X.  Here f({a,b,c}) = {b,c,d}, which is a gpr-open set in (Y, ).  Therefore 

for every open set U in (X, ), f (U) is a gpr-open set in (Y, ).  Therefore f is a gpr-open map. 

However, {b,c,d} is not a  *g -open set  in (Y, ).  Therefore f is not a  *g -open map. 
 

Example 3.8 

Let X=Y={a,b,c},  ={ ,{a},X} and  ={ ,{a},{b},{a,b},X}.  Let us assume the map                    

f: (X, )  (Y, ) be defined as f (a) = c, f (b) = a and f (c) = b. Now the open sets in (X, ) are , 

{a} and X. Here f({a}) = {c}, which is a rwg-open set in (Y, ). Therefore for every open set U in 

(X, ), f (U) is a rwg open set in (Y, ). Therefore f is a rwg open map. However, {c} is not a 

 *g -open set  in (Y, ). Therefore f is not a  *g -open map. 
 

Example 3.9 

 Let X=Y={a,b,c}, ={ ,{a,b},X} and ={ ,{a},{b},{a,b},X}.  Let us assume the map                  

f: (X, )  (Y, ) be defined as f (a) =c, f (b) =a and f (c) =b.  Now the open sets in (X, ) are , 

{a,b} and X.  Here f({a,b}) = {a,c},which is a  *g -open set in (Y, ).  Therefore for every open 
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set U in (X, ), f (U) is a  *g -open set in (Y, ).  Therefore f is a  *g -open map.  However, 

{a,c} is not a rwg-open set  in (Y, ).  Therefore f is not a rwg-open map. 

 

Diagram 3.10 
 

                             r-open map                                                          rg-open map 

 

       

          *g -open map 

   

                         

                           rwg-open map                                                      gpr-open map 

 

Theorem 3.11 

If a mapping f: (X, ) (Y, ) is a  *g -open map, then f (intA)   *g -int (f (A)) for every 

subset A of (X, ). 

Proof 

Suppose that f is a  *g -open map and A   X.  Then intA is an open set in (X, ).  Since               

f is  *g -open, by using Definition 3.1, f (intA) is  *g -open in (Y, ).  By using Remark 2.5(i), 

 *g -int (f (intA)) = f (intA).  We have f (intA)   f (A).  Then by using Remark 2.5 (ii),     

 *g -int (f (intA))    *g -int (f (A)). That implies f (intA)    *g -int (f (A)). 

 

Theorem 3.12 

If a map f: (X, ) (Y, ) is a  *g -open map, then for each nbd U of x in (X, ), there exists a 

 *g -neighbourhood W of f(x) in (Y, ) such that W   f (U). 

Proof 

Let us assume f: (X, )(Y, ) be  *g -open.  Let us assume x   X and U be an arbitrary 

neighbourhood of x in (X, ).  Then there is an open set G in (X, ) such that x   G   U.  Now        

f (x)   f (G)   f(U) and f (G) is a  *g -open set in (Y, ), because f is a  *g -open map.  By 

using Remark 2.5 (iii), f (G) is a  *g -neighbourhood of each of its points.  By taking f (G) = W, 

W is a  *g -neighbourhood of f (x) in (Y, ) such that W  f(U). 
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Theorem 3.13 

A map f: (X, )(Y, ) is a  *g -open map if and only if for any subset S of (Y, ) and any 

closed set F of (X, ) containing f -1(S), there exists  a  *g -closed set K of (Y, ) containing S 

such that f -1(K)   F. 

Proof 

Suppose that f is a  *g -open map.  Let SY and F be a closed set of (X, ) such that f -1(S)   F.  

Then X \ F is an open set in (X, ).  Since f is  *g -open, by using Definition 3.1, f (X \ F) is 

 *g -open in (Y, ).  Thus K = Y \ f(X \ F) is  *g -closed in (Y, ).  Now  f -1(S)   F implies 

S   K and f-1(K) = f -1(Y \ f(X \ F))   f 
-1(Y) \ (X \ F) = F.  That is f-1(k)  F. 

Conversely, let us assume U be an open set of (X, ).  Then f (U) is a subset of (Y, ) and so             

Y \ f (U) is a subset of (Y, ).  Thus f-1(Y \ f (U))   X \ U.  By using hypothesis, there exists a       

 *g -closed set K of (Y, ) such that Y \ f(U)   K and f-1(K)   X \ U and so U   X \ f-1(K).  

Therefore Y \ K   f (U)   f(X \ f-1(K))   Y \ K which implies f (U) =Y \ K. Now f (U) is open in 

(Y, ), because Y \ K is  *g -open in (Y, ).  Then By using Definition 3.1, f is a  *g -open 

map. 

 

Theorem 3.14 

If a mapping f: (X, )(Y, ) is a  *g -open mapping, then f -1(  *g -clB)   cl f -1(B) for 

every subset B of  (Y, ). 

Proof 

Let f: (X, )(Y, ) be  *g -open and B be any subset of (Y, ).  Thus f -1(B)   cl f-1(B) and 

cl f-1(B) is closed in (X, ).  By using Theorem 3.13, there exists a  *g -closed set K of (Y, ) 

such that B   K and f-1(K)   cl f-1(B).  Since K is  *g -closed, by using Remark 2.5 

(iv),  *g -clK = K.  Since B   K, by using Remark 2.5(v),  *g -clB   *g -clK = K.  Thus 

f-1(  *g -clB)   f
-1(K)   cl f-1(B).  Therefore f-1(  *g -clB)   cl f-1(B). 
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