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Abstract— Clustering is the process of grouping data 

items based on their similarity. The clustering methods are 

classified broadly into partitional and hierarchical 

clustering methods. In most of the real time problems, the 

clusters need not be crisp in nature. Each data item may 

belong to different clusters with different degree of 

belongingness. Hence the classical clustering methods have 

been extended using the concepts of fuzzy set and Rough set 

theory to handle such fuzzy clustering problems. Both 

theoretical and empirical studies in the literature have 

proved that the existing clustering methods are doing 

exceptionally well on the data of suitable types. Further, 

with the recent revolution like Big data there is a huge 

demand for novel and efficient clustering methods with high 

rate of clustering accuracy, which is a great challenge for 

the data scientists. As the pace of research in this area is 

significantly faster,  it will be of great importance if surveys  

are published from time to time, to understand the current 

state-of-art in data clustering. This paper attempts to 

present a comprehensive comparative study on r ec en t  

t ech n iq u es  in  h a rd  a n d  f u zzy  clustering. 

Keywords— Unsupervised learning, Spectral clustering, 

kernel based clustering, fuzzy clustering  

I. INTRODUCTION  

    Data clustering aims to find the natural groupings(clusters) 
among the patterns (data objects) in the given data. Data 
clustering methods have been applied in various scientific 
research fields , Image Processing, Medical Diagnosis, 
Document Analysis etc. [1]. In real time scenarios the natural 
clusters that exits in the data may be of different types like 
isotropic, non-isotropic, linearly separable, non-linearly 
separable, etc. In literature clustering is also called as 
unsupervised learning problem, because there is no prior 
knowledge about the patterns to use in categorising others 
and no information about the cluster structure of the whole 
data. An example of clustering can be seen in Figure 1. The 
dataset before clustering is shown in Figure 1 (a), whereas 
Figure 1 (b) shows the natural groupings that are discovered 
by a clustering procedure. 

 

Fig.1. Typical clustering example. 

The aim of clustering is to find structure in data and is 
therefore exploratory in nature. Intra-Cluster Similarity 
represents the similarity between the data objects in a single 
cluster. Inter-Cluster Similarity represents the similarity 
between the data objects in two distinct clusters. A good 
clustering algorithm is the one which produces clustering 
result with low inter-cluster similarity and high intra-cluster 
similarity. 

     The data clustering problem can be formulated as follows. 

Given a dataset D of n objects,  each having dimensionality 

d, the dataset is divided into subsets (clusters) Ci; i = 0, 1.., k, 

such that the Intra-cluster similarity is minimized and the 

Inter-cluster similarity is maximized. Figure 2 illustrates 

inter-cluster and intra-cluster similarity. 

 

     For practical applications, it is necessary to validate the 

quality of the clustering result produced by any clustering 

algorithm. Cluster validation is the process of evaluating the 

quality of the clusters that are obtained from various 

clustering methods [2]. As explained in [3], the clustering 

quality measures are of two types i.e. internal quality 

measures and external quality measures. Internal quality 

measures use the homogeneity and separation as the key 

factors in finding the cluster quality, where as the external 

quality measures will validate the clustering quality by 

comparing the clustering result of an algorithm with a 

reference clustering result.  

 

      In [4], Kleinberg has proved mathematically that 

Clustering problem is an ill-posed problem. In that article 

Kleinberg also proved that the clustering result of an 

algorithm is greatly influenced by many factors like 

similarity measures,  

 

 

Fig. 2. Inter-Cluster and Intra-Cluster distances 

International Journal of Scientific Research and Review

Volume 7, Issue 8, 2018

ISSN NO: 2279-543X

http://dynamicpublisher.org/41



 

optimization criterion and initial conditions. Various 

categories of clustering methods are proposed in the 

literature such as partition based, hierarchical based, density 

based, grid based etc. Some algorithms are good if the 

clusters are well separated, some others are efficient if the 

clusters are irregular in shape. In spite of historical 

developments in this research area, it is noteworthy point 

that there is no single clustering algorithm (method) that can 

handle all types of data (numerical, categorical etc.) and all 

shapes of clusters (isotropic,non-isotropic, overlapped etc). 

Various taxonomies have been published categorising the 

clustering methods [1]. However, the widely accepted 

categories are hierarchical and partitional methods. 

Hierarchical clustering groups data objects with a sequence 

of partitions, either from singleton clusters to a cluster 

including all individuals or vice versa, while partitional 

clustering directly divides data objects into some pre 

specified number of clusters without the hierarchical 

structure. An excellent survey of clustering techniques can 

be found in [1], [5]. 
 

The most popular and widely used partition based 
clustering method is the k-means clustering method. The k-
means method partitions the given data items into k clusters 
such that all data items in a given cluster are closest to the 
same centre. The iterative approach to find the k cluster 
centers is first proposed by Lloyd [6]. 

A. k-means clustering method: 

Given a dataset D which has n patterns in real d-
dimensional space, Rd, and an integer c, the objective is to 
find a set of c patterns in Rd, called c centers such that the 
sum of squared distances from each pattern to its nearest 
center is minimized [7], [8]. The objective function is 
formulated as follows.  
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−=
n

i

c

j

jim vxJ
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2

 -----          (1) 

where xis are the data items and vjs are the cluster 
centers. The Lloyd’s algorithm starts with randomly selected 
k data items as initial cluster centers. In each iteration, each 
data item is assigned to its nearest cluster center and the 
cluster centers are updated after each iteration. The process is 
continued until there is no change in the cluster centers in 
two successive iterations.  

This algorithm is simple and easy to implement. It has 
linear time complexity w.r.t the size of the dataset. The 
objective function in equation (1) is quadratic and hence has 
a definite minimum value. However, this iterative approach 
may not guarantee to obtain global minimum. Moreover it 
depends on the initial cluster centers identified. Hence, the 
selection of initial cluster centers is a critical problem. This 
problem is refered as local minima problem in the literature 
[9]. The number of clusters i.e., c value has to be given as 
input, but it is not known before hand. Further, it can not be 
applied if the cluster center (mean) is not defined and it is 
efficient to find only isotropic shaped clusters. In spite of 
these limitations, based on the huge practical applications, k-
means clustering method has been regarded as the top 10 
machine learning methods [10]. 

In general, it is important to find the arbitrary shaped 
clusters and of different sizes which is an obvious scenario in 
most of the real time problems. Graph based or spectral 
clustering methods are suitable in such cases. Spectral 
clustering methods are developed based on the concepts in 
spectral graph theory. The basic idea is to construct a 
weighted graph from the initial dataset where each node 
represents a data object and each weighted edge simply takes 
into account the similarity between two data objects. Here 
the clustering problem can be seen as a graph cut problem, 
which can be solved by spectral graph theory. Another 
variant of clustering technique called kernel based clustering 
has been proved to be successful even the clusters are 
overlapping and of arbitrary shaped [11]. 

All the algorithms discussed so far, will find a clustering 
result, such that each data object must belong to a single 
cluster (called hard clustering). However, in real time 
scientific and industrial applications, a data object may 
belong to one or more clusters. The existing clustering 
methods have been extended with the concepts of fuzzy set 
theory in order to address such issues. Fuzzy clustering 
algorithms allow objects to belong to several clusters 
simultaneously with different degrees of membership [12]. 

This article presents detailed historical developments in 
spectral and kernel based clustering methods and their 
extensions using the concepts of fuzzy set theory. The 
remaining paper has been organized as follows. Section II 
presents a detailed survey on spectral clustering methods 
where as section III describes kernel clustering methods. The 
fuzzy variants of kernel methods are discussed in section IV. 
Some empirical results on synthetic datasets are presented in 
section V. Section VI presents conclusions and some of the 
future directions in this area 

II. SPECTRAL CLUSTERING  

 

Spectral clustering has become one of the most popular 

modern clustering algorithms in the recent years. Standard 

open source linear algebra software is available to 

implement the spectral clustering algorithms easily [13], 

[14]. Spectral clustering algorithms have many advantages 

than the conventional algorithms like k-means. The k-means 

algorithm clusters a given set of points in Rd by constructing 

c cluster centers such that the sum of squared distances of 

all data points to their closest cluster centers is minimized. 

However, as the k-means objective function is highly non-

convex, it has become difficult to find the global minimum. 

Further, for large data clustering problems, conventional 

ideas like sampling, progressive sampling do work well, but 

may not lead to global minimum.  

 

Spectral clustering methods are basically working with the 

principles of linear algebra to solve clustering problems i.e., 

finding eigenvectors of a given similarity matrix to find c 

clusters. Typically, this matrix is derived from a set of 

pairwise similarities Sij between the points to be clustered. 

This task is called similarity based clustering or graph 

clustering. Following are the potential advantages of 

spectral clustering: 

 

• Spectral Clustering methods are able to cluster the 

data objects which are not necessarily vectors 

International Journal of Scientific Research and Review

Volume 7, Issue 8, 2018

ISSN NO: 2279-543X

http://dynamicpublisher.org/42



• Spectral Clustering is flexible; it can find clusters 

of arbitrary shapes, under realistic separations. 

 

Though there are advantages and more evidences of 

empirical successes, still there are some open questions like, 

which eigenvectors to use and how to derive clusters from 

them. To resolve this, using graph partitioning, clustering 

can be done by building a weighted graph wherein the nodes 

represent data objects and edges represent the dissimilarity 

(often called distance) between the data points. 

 

Following notations will help to understand the spectral 

clustering in an easy way. 

 

• Dataset D = {x1, ...xn} 

• Sij denotes the similarity between pairs of data 

points xi and xj such that Sij > 0 

• G = (V,E) denotes the similarity graph, where V is 

set of vertices and E is set of edges 

 

Two vertices in V are connected if the similarity Sij between 

the corresponding data points xi and xj is positive or larger 

than a certain threshold, and the edge is weighted by Sij . 

Now the spectral clustering problem can be solved using the 

similarity graph G = (V,E). A partition will be identified 

such that the edges between different groups have very low 

weights (which means that points in different clusters are 

dissimilar from each other) and the edges within a group 

have high weights (which means that points within the same 

cluster are similar to each other). 

 

Several various spectral clustering algorithms are developed 

by researchers in recent times [14].  

 

• unnormalized spectral clustering  

• Normalized spectral clustering  

• Normalized spectral clustering according to [13] 

 

Donath and Hoffman [15], have suggested the process of 

constructing graph partitions based on eigenvectors of the 

adjacency matrix. After that, Fiedler et.al., reformulated the 

clustering problem as graph partitioning problem and 

bipartitions of a graph are closely connected with the second 

eigenvector of the graph Laplacian. Spectral clustering 

methods have been modified, extended many times in 

different applications [16]. More recently, a comprehensive 

survey has been published by Maurizio Filippone et.al., in 

[11]. Spectral clustering methods are popularly used in 

machine learning problems such as image segmention [17], 

document clustering [18] and speech recognition [19] etc. A 

unified view of spectral and kernel clustering methods 

(which will be discussed in the subsequent section) has been 

established in [20]. 

III. KERNEL CLUSTERING  

 
Kernel based clustering has become popular because of 

its simplicity and the power of its implicit non-linear 
representation of the data. Kernel based approaches are well 
known methods for supervised and unsupervised learning 
[21]. In general, the conventional clustering methods perform 
well if the clusters in the data are well separated in the input 
space. The k-means clustering method as discussed in the 
previous section is efficient in identifying isotropic clusters. 
Kernel k-means clustering method has been considered as 
the non-linear extension of the k-means clustering method 
and has been proved to be efficient in finding the clusters of 
arbitrary shape and non-linearly separable [22]. Some typical 
datasets having non-linear and arbitrary shaped clusters are 
presented in the Figure 3. It is theoretically proved that the 
data points which are highly nonlinearly separable become 
linearly separable in another high dimensional feature space 
[23]. Figure 4 illustrates this nonlinear transformation. 

In the kernel k-means clustering method, the input data is 
implicitly transformed into a high dimensional feature space 
and the conventional k-means clustering can be applied in 
the induced space using a non-linear function (·) (Mercer 
kernel functions). The objective of the kernel k-means 
clustering method is to minimize J which is formulated as 
follows.  

            
= =

−=
n

i

c

j

jim vxJ
1 1

2
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Here the distance between )( ix and )( jv s can be 

computed using the kernel trick [24]. 

The features of kernel clustering algorithm are fast in 
convergence speed and accurate in clustering compared with 
conventional algorithms. The space and time requirements of 
the kernel k-means clustering method are O(n2), where n is 
the dataset size. As the time complexity of kernel k-means is 
quadratic, it is not a suitable to work with large datasets. 

Further, computing and storing the kernel matrix K which 
is of size n × n to be computed in advance, which is 
expensive if n is large. Some improvements have been 
proposed to address the time and complexity problems with 
the kernel k-means method [21]. Most of the improvements 
are based on the idea of working kernel k-means on a sample 
data instead of the entire data. The final clustering result may 
be deviated from that of working with the entire data. With 
some compromise in the clustering quality these sampling 
based improvements are shown producing good results for 
practical applications. Note that the kernel matrix is a 
symmetric positive semidefinite matrix. The popular 
Nystrom method is an efficient algorithm to find low-rank 
approximations of large symmetric positive semi definite 
matrices. Recently, a new method called the prototype based 
hybrid kernel k-means clustering method, is proposed to 
speed-up the kernel k-means method for large datasets [25]. 
Theoretically, it was shown, under some favourable 
conditions the prototype based hybrid approach produces the 
same clustering result as that of the entire dataset based one. 
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Fig. 3. Recently used examples; Two-dimensional artificial 
datasets used in the experiments, (a) Banana dataset, (b) 
Rings dataset, (c) Desert dataset, and (d) Concentric Circles 
dataset 

Fig. 4. Transforming data into high dimensional space 

 

IV. FUZZY CLUSTERING  

 
Fuzzy clustering is now a mature and vibrant area of 

research with highly advanced applications. The role of 
fuzzy clustering becomes quite prominent in clustering. The 
concept of fuzzy sets was introduced by Zadeh [26], the 
researchers put fuzzy theory into clustering. The fuzzy 
clustering problems have been expansively studied as they 
are particularly important in finding the clusters of elements 
of different memberships that are essential when dealing 
with the inherent phenomenon of partial belongingness to the 
group. This feature is of particular interest when dealing with 
various interpretation problems.In fuzzy clustering, the data 
points can belong to multiple clusters, depending on the 
memberships of data points in the clusters. Fuzzy clustering 
methods allow the objects on the boundaries between several 
clusters are not forced to fully belong to one of the classes, 
but rather are assigned membership degrees between 0 and 1 
indicating their partial membership. The very recognizable 
method in fuzzy clustering is fuzzy c-means algorithm. 

A. Fuzzy c-means algorithm  

  
 The objective of fuzzy clustering is to partition a dataset 
into c distinct clusters. The well known fuzzy c-means 
algorithm(FCM) proposed by Dunn [27], then extended by 
Bezdek and its various variations are probably the most 
commonly used fuzzy clustering methods. FCM algorithm 
has applications in neural networks, clustering and 
classification, image analysis, structural analysis of 
algorithms. This algorithm works by assigning membership 
to each data point corresponding to each cluster center on the 
basis of distance between the cluster center and the data 
point. More the data point is nearer to the cluster center,its 
membership towards the particular cluster center is nearer to 
one. Clearly the sum of memberships of each data point 
should be equal to one. Let X = {x1, x2, , , , , , xn} be a n 
points dataset and V = {v1, v2, , , , , , vc} be the set of centers.  

The FCM clustering algorithm partitions X into nc 1  

fuzzy groups by minimizing the objective function Jm which 
is defined as follows: 

                 
= =

−=
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ijm vxJ
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   ----(3)                

is minimized, where n is the number of data points, xi 
represents data points, vj represents jth cluster center, m is the 
fuzziness index,   ,1m , c represents the number of cluster 

centers, μij represents the membership of ith data item to jth 
cluster center, dij represents the Euclidean distance between 
ith data point and jth cluster center. After each iteration, 
membership and cluster center are updated as follows:  
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Where ci 1 and nj 1 . 
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where ci 1 . 

It is comparatively better than hard k-means algorithm 
and gives better result for overlapped dataset. Unlike hard k-
means algorithm where data point must belong to one cluster 
center, here data point may belong to more than one cluster 
center. However, just like the hard k-means algorithm, FCM 
cannot always work well. The draw backs of FCM algorithm 
are as follows: 

• The value of c should be predefined  

• It is difficult to find the initial centers in the 
clusters which leads to the local minima 
problem. 

• The cluster quality depends on the Euclidean 
distance which can unequally weight underlying 
factors. 

Many variations of the FCM algorithm have been 
developed including the Gustafson Kessel FCM [28], Fuzzy 
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C-Means ellipsoids, and more recently kernel-based FCM 
[29]. 

B. Fuzzy clustering using kernel method 

 
Classical fuzzy C-means (FCM) clustering is performed in 
the input space. Although it is proven effective for spherical 
data, it fails when the data is non-spherical and complex. 
Kernel based clustering has been an important and 
interesting alternative in fuzzy clustering. Kernel-based 
fuzzy clustering (KFCM) techniques based on FCM have 
been developed in recent years [29]. The basic ideas of 
KFCM is to perform an arbitrary non-linear mapping - from 
the original d-dimensional feature space Rd to a space of 
higher dimensionality (kernel space) and then perform FCM 
in that feature space. Thus, the original complex and 
nonlinearly separable data structure in input space may 
become simple and linearly separable in the feature space 
after the nonlinear transformation (as illustrated in Figure 4). 
Another merit of KFCM is, Unlike the FCM which needs the 
desired number of clusters in advance, it can determine the 
number of clusters in the data. Using KFCM, kernel matrix is 
first formed by Girolami [23]. The kernel matrix can be used 
to determine the number of clusters in the dataset. Each 
element of the kernel matrix defines a dot-product distance in 
the feature space, the matrix will have a block diagonal 
structure when there are definite clusters within the dataset. 
And we can use this block diagonal structure to determine 
the number of clusters. 

There are two general categories of kernel FCM 
algorithms present in the literature. 

• KFCM-F (Kernel-based FCM with prototypes in 
input  space) 

• KFCM-K (Kernel-based FCM with prototypes in 
kernel space) 

KFCM-F minimizes the following objective function 
subject to the same constraints as in FCM. 
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The advantage of the KFCM-F clustering algorithm is 
that the prototypes reside in the input space and are 
implicitly mapped to the kernel space through the use of the 

kernel function )()(),( yxyxK  = . The algorithm for 

KFCM-F is very similar to standard FCM by starting with a 
random partition matrix and iteratively updating the 
prototypes (cluster centers) using the following expression. 
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and updating the membership partition matrix using the 
following expression. 
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In KFCM-K algorithm, the prototypes reside in kernel space. 
It minimizes the following objective function 
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The advantage of KFCM-K is that the prototypes are not 
constrained to the input space; but as prototypes are 
implicitly located in the kernel space and thus need to be 
approximated by an inverse mapping to the feature space. 
The time complexities of the k-means, kernel k-means, 
FCM, KFCM-F and KFCM-K are presented in the following 
table.  

Clustering method Time complexity 

K-means 

Kernel K-means 

FCM 

KFCM-F 

KFCM-K 

O(ncd) 

O(n2d) 

O(cnd) 

O(cnd) 

O(cn2d) 

 

C. Fuzzy clustering for very large data 

If any data cannot be loaded into a computer’s working 
memory, then it is normally considered as very large data. 
Dealing with very large data has become the most critical 
problem in fuzzy clustering. There are two main approaches 
to fuzzy clustering in Very large data: 

• distributed clustering(depend on incremental styles) 

• clustering a sample obtained by either progressive 
or  random sampling 

By the extent use of internet and multimedia, datasets are 
growing big and it is harder to handle them with 
conventional algorithms. A few algorithms are proposed to 
fuzzy clustering in very large data [30]. Instead of taking the 
entire dataset, a sample of manageable size is taken for 
clustering. By applying, conventional algorithms, the 
clustering result can be extended to the entire dataset to find 
clusters in the remaining data. Algorithms like generalized 
extensible fast FCM (geFFCM) [31], random sampling plus 
extension FCM (rseFCM), single pass FCM (spFCM) [32] 
and online FCM (oFCM) [33] are implemented to compute 
an approximate FCM result. A kernel-based algorithm, 
called approximate kernel FCM(akFCM) was introduced 
[34]. In akFCM, instead of computing the full kernel matrix, 
only a sample of the kernel matrix was taken for calculating 
distances and performs the clustering. However, even the 
sample of kernel matrix is extremely large and time 
consuming to compute. The bitreduced FCM (brFCM) 
algorithm uses a binning strategy for data reduction [35]. 
Later, the fast kernel FCM (FKFCM) is proposed, which is 
designed to speed-up the the clustering process and it is 
experimentally verified on MRI images [36]. The above said 
algorithms are considered as the extended versions of FCM n 
the literature. For very large datasets, sampling and extension 
play a crucial role in clustering. If the dataset is large and 
loadable into memory, then an extended scheme may offer 
an approximate result which is comparable to the result 
obtained by conventional algorithms at significantly reduced 
computational cost. In case of very large data, sampling has 
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to be done and then extended algorithms are applied. 
Uniform random sampling is the best and efficient way to 
choose a sample for very large datasets [37]. Among large 
and very large datasets, the fundamental difference lies in 
calculating the approximation error. For large datasets,the 
approximation error can be measured by taking the 
difference between the clustering results obtained by 
extended and conventional algorithms. For very large 
datasets, the approximation error cannot be measured as it 
has only clustering result obtained by extended algorithms. 

V. EMPIRICAL ANALYSIS 

This section presents a simple experimental study to compare 
the performances of kernel k-means, FCM, KFCM-F and 
KFCM-K clustering algorithms w.r.t the Clustering 
Accuracy (CA). The experiments are performed on the 
synthetic datasets which are shown in Figure 3. The 
properties of these datasets are presented in Table I. The 
initial conditions like number of clusters, initial cluster 
centers, kernel function, fuzziness index etc. is selected 
randomly and the clustering accuracy values are recorded at 
relatively better initial conditions. The experimental results 
are presented in the Table II.  

 

Table 1 - Details of both synthetic and benchmark datasets used 

Data sets 
No. of 

patterns(n) 
No. of 

dimensions(d) 
No. of 

clusters(c) 

Banana 200 2 2 

Rings 250 2 2 

Concentric 
circles 

230 2 2 

Desert 350 2 2 

 

 

 
Table II- CA values obtained using various methods on all the datasets used 

Data set 

Clustering Accuracy(%) 

Kernel  

k-means 
FCM KFCM-F KFCM-K 

Banana 90.56± 2.3 94.11± 0.8 95.62±0.4 93.89± 0.2 

Rings 95.1± 1.6 96.14± 0.9 96.98±0.5 95.99± 0.6 

Concentric 
circles 

74.4± 5.9 87.21± 1.2 89.31±2.1 85.16± 1.6 

Desert 74.88 ± 3.8 79.98± 1.9 81.91±2.5 82.01± 2.6 

 

VI. CONCLUSIONS 

 
The main focus of the paper is to describe k-means clustering 
and its non-linear extension i.e., kernel k-means and its fuzzy 
variant fuzzy c-means clustering algorithms. Finally, two 
more recent techniques called, KFCM-F and KFCM-K are 
presented. As per the limited experimental study on the 
synthetic datasets, the kernel-based clustering algorithms 
especially KFCM-K can cluster specific non-spherical 
clusters quite well outperforming FCM ; however, overall 
the performance of the kernel-based methods is not very 

impressive due to similar or only slight increases in 
clustering  accuracy compared to FCM. It is worth to note 
that, all these methods do have some limitations, require 
some input parameters which is still a challenging problem in 
this field of research. The future study on kernel-based fuzzy 
clustering can be focused to develop a partially supervised 
fuzzy clustering algorithm to optimize the kernel parameters 
and kernel clustering performance.  
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