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Abstract— The studies have been mainly done in the discrete dynamical systems of Metric spaces. According to Robert Devaney, the 

three ingredients of chaos are sensitivity, density and transitivity. Here we study the relation between turbulent functions and one of 

the popular definition of chaos in the sense of Devaney. This study has been done in different dimensional metric spaces. 
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Introduction 
After the introduction of first mathematical definition of chaos in 1975 by Li and Yorke , several other definitions in various 

contexts were introduced. The most popular among all such definitions is the one given by Robert. L. Devaney . In Devaney’s 

definition of chaos these are three important factors, namely, transitivity, density of set of periodic points and sensitivity. In this 

paper, we study the relation between turbulent function and the Devaney Chaos. First of all with the help of logistic Map and 

the tent map we will show that the given function is turbulent and the map satisfies all the three conditions of Devaney Chaos. 

In the second part of the paper the relation between turbulent function and the Devaney Chaos are studied. 

Definitions: Devaney Chaos 

Let be a set.  is said to be chaotic on  if 

 has sensitive dependence on initial conditions 

  is topologically transitive 

 periodic points are dense in  

Topologically Transitive  

Let  said to be topologically transitive if for any pair of open sets  there exists  such that 

 

Sensitive Dependence on Initial Conditions 

 has sensitive dependence on initial conditions if there exists such that, for any and any 

neighbourhood  there exists  and  such that  

Turbulent Functions 

Let  be a continuous function. We say that f is a turbulent function if there exist compact subintervals  with at 

most one common point such that  

I. DEVANEY CHAOS AND TURBULENT FUNCTION IN THE INTERVAL 

 

In order to prove the relationship between Turbulent Function and Devaney Chaos, we need some existing results. Also we need 

to check whether the given function is turbulent, Devany Chaotic with the help of logistic and Tent Maps. 

 

Results 1.1. 

If  is turbulent, then there exist points such that  and either 
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Result 1.2. 

If  is a subinterval of  which contains no periodic point of then, for any the points of the trajectory which lie  

form a strictly monotonic. 

 

Example 1.3. 

Consider  defined as Take compact subintervals  with at most one common 

point, . Then  so  Then the 

condition for a function to be turbulent is satisfied and so the function  is turbulent. 

Consider defined as 

 

Example 1.4. 

 

 

Now we take a pair of open sets say  In order to prove that the function is 

topologically transitive, we have to show that  for some  

 

 Then the function is topologically transitive with respect to the tent map. 

 

Example 1.5. 

Let the given function be the tent map, we have to show that the map is sensitive dependence on initial conditions. So with 

 be the neighbourhood of  We know that  comes inside this neighbourhood and  we have to check 

 and therefore the function is s.d.i.c. 

 

Example 1.6. 

Let the given function be the tent map, we have to prove that the function agrees the density of periodic points. In order to prove 

the function has got density of periodic points, for this we prove two conditions: 

  

  

First condition can be proved using result 1.2., since the trajectory is not strictly monotonic, we can say that the interval has got 

at least one periodic point and with the help of second condition we can prove the density. 

Let  then  
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So is a periodic point with period three and also we have seen that  which contradicts the 

result 1.2.. So the above conditions are satisfied, then the function has got the density of periodic points. Now we shall check 

the relationship between turbulent function and Devaney Chaos. 

Result 1. 7. 

If  be a continuous map and  is turbulent, then  need not be topologically transitive. 

 

We can see that this relation will not be true using certain examples: 

Define a map as     

 

Here is transitive but not turbulent. 

Now define a function  as 

 

Here the function is turbulent but not transitive. 

 

Theorem 1. 8.   

If  be a continuous map and  is turbulent, then  has sensitive dependence on initial conditions. 

Proof: We know that If  is turbulent, then there exist points  such that  So 

there exist compact subintervals  with at most one common point. Let  and , where 

Then we assume that  Now  be the neighbourhood of Since the function is turbulent, we 

have  Then  has sensitive dependence on initial conditions. 

 

II. DEVANEY CHAOS AND TURBULENT FUNCTION IN THE REAL LINE. 

Example of turbulent map on R: 

Let  be the tent map on  

Define  as 
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i.e.,  is the tent map extended to the whole real line,  is turbulent since  is turbulent. Also the function is Devaney 

chaotic. 

 

III. DEVANEY CHAOS AND TURBULENT FUNCTION ON UNIT CIRCLE 

Let  be a unit circle in the plane i.e.,  = In order to check the map is chaotic in 

we take  which is continuous. In  we denote a point by its angle measured in radian. A point on is 

determined by an angle of the form,  . The map rotates the point of the circle by radians. The value of  

decides the type of rotation, whether it is rational or irrational. We know that  

Now let us take the map . The angle 

is periodic of period  when 

 

 

 

 

So the periodic points of period  for  are the th root of unity. So the set of periodic points are dense in Note 

that if  is an irrational rotation, then the orbit of each point is dense in the circle. We have seen that the angular distance 

between the two points is tripled under the application of the map. So the map is sensitive dependence on initial condition.  

Another Example of turbulent map on  

Let This  is nothing but the tent map lifted to  

Take  

Therefore  

Therefore  is turbulent on  

 

IV. DEVANEY CHAOS AND TURBULENT FUNCTION ON UNIT CIRCLE 

Turbulent function on Unit Disc,  

Define as 

 

 

Fix  

Consider  
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It is trivial that  

 

 

Another example of turbulent map on  

Let  

Take  

 

 

The map on the unit disc is restricted to its boundary, then we get a map on the unit circle. But we know that the map is 

turbulent and Devaney chaotic. 

V. DEVANEY CHAOS AND TURBULENT FUNCTION IN THE UNIT SQUARE 

 

 Turbulent map on  

Let  where is the tent map. 

i.e.,  

=  

=  

=  

VI. DEVANEY CHAOS AND TURBULENT FUNCTION IN THE SPHERE 

Turbulent map on  

Let  

  

Take a small neighbourhood C on the surface of the sphere of a point  C can be treated as a disc and On 

, either or the vanishes and the function on sphere is restricted to a map on the  which is equivalent to the map on 

Unit circle. 
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Neighbourhood  

 

 is equivalent to  on the unit circle. 

VII. DEVANEY CHAOS AND TURBULENT FUNCTION IN THE EUCLIDEAN SPACE 

 

Turbulent map on the cylinder  

Let  

  

  

  

turbulent on  and  respectively. 

Since the maps  on unit circle and the tent map on unit interval are Devaney chaotic and turbulent, so their 

product are Devaney chaotic and turbulent. 

 

VIII. DEVANEY CHAOS AND TURBULENT FUNCTION IN THE METRIC SPACES 

 

 Definition: Turbulent Functions in the Metric Spaces 

Let  be a continuous function defined on a Metric Space X. We say that  is turbulent if there exist compact subsets 

 with non-empty intersection such that It is said to be strictly turbulent if the subsets 

of  are chosen as two disjoint non empty compact subsets. 

Result 8.1. 

Let  where X is compact metric space. If f has no horseshoe and transitive, then it has a unique fixed point. 

 

Proof: Suppose  is transitive and has at least two fixed points. Then f is topologically mixing. Let 

. Then the interior of  is an empty set and  is a closed set. 

  and an open set such that  and  

 
Then  such that  is invariant which is impossible by transitivity of . Hence , and 

. Let  be closed sets in V, with .  

Then  

  has a horseshoe. This completes the proof. 
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Result 8.2. 

If  is not a power of 2, then  has a periodic point of period  if and only if is turbulent. 

Proof: Suppose  is odd. Since is not a power of 2,  there exist points  such that 

. If then  has a periodic point of period   

If  there exist closed sets  such that . Therefore is turbulent. Similarly 

converse can be proved. 

Result 8.3. 

If  and  is turbulent then defined as  is 

turbulent. 

Proof: There exists  such that  

There exists  such that  

Let  

Let  

 

 

 

 

 

 

and  

 

 

 is turbulent on  

IX. CONCLUSIONS 

We Studied the relation of turbulent function and Devaney chaos in all the possible space and have seen that the function can 

be both turbulent and Devaney chaos. Also we found that the presence of horse shoe guarantees the presence of turbulent 

function. The studies of this relation have been done from lower dimensional spaces to the higher dimensional spaces.  
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