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ABSTRACT

The aim of this paper is to define the notions of ND(α, p)-set, ND(α, ps)-set,
ND(α, s)-set, ND(c, sp)-set, ND(α, sp)-set, ND(p, ps)-set, ND(p, sp)-set, ND(sp,
ps)-set and nano quasi sg-continuous in nano topological spaces and explores a
portion of their properties. Likewise, we have given an suitable examples to com-
prehend the conceptual ideas obviously. Utilizing these ideas, decompositions of
nano-continuous and some nano weakly-continuous functions are acquired.
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1. INTRODUCTION

Continuity of functions is one of the core principles of topology. It is difficult
to state what are the main notions and ideas in mathematics. Undoubtedly that
functions, and of course continuous functions stand among the main important and
most investigated points in all of the mathematical sciences.

Many different kinds of continuous functions have been launched through the
years. Over the years many stronger and weaker forms of continuity have been
introduced and investigated by several authors. Various interesting Problems arise
when one considers continuity or a stronger form of continuity or a weaker form
of continuity. One of them, that can be of great interest to general topologists,
is its decompositions. In 1961, Levine obtained a decomposition of continuity in
topological spaces. Jingcheng Tong in [3] presented the notion of A-sets and A-
continuity and proven a decomposition of continuity. Further, Jingcheng Tong in [4]
introduced the notion of B-sets and B-continuity and established a decomposition
of continuity. In recent years various classes of near to continuous functions were
defined by various authors. Lellis Thivagar et.al in [6] established nano topological
space with respect to a subset U of an universe which is defined in terms of lower
and upper approximations of U . In addition, Lellis in [10] study the notions of
expansion of nano-open sets and obtain decomposition of nano continuity in nano
topological spaces. Jayalakshmi and Janaki in [5] defined and investigates the
notion of NA-set & NB-set in nano topological spaces.

In particular, in [20] Sathishmohan et.al discussed a new class of functions called
nano semi-continuous functions and nano pre-continuous functions also derive their
characterizations in conditions of nano semi-closed sets, nano semi-closure and nano
semi-interior. In [12], the experts defined an another form of nano weak-continuity
called Nα-continuity. Nasef et.al [16] introduced the concept of Nβ-continuity.
Just lately, in [19], the authors defined NA-continuous, NB-continuous and also
four classes of sets ND(c, s)-set, ND(c, p)-set, ND(c, ps)-set and ND(c, α)-set in
nano topological spaces.

In this paper, we define the notions of ND(α, p)-set, ND(α, ps)-set, ND(α, s)-
set, ND(c, sp)-set, ND(α, sp)-set, ND(p, ps)-set, ND(p, sp)-set, ND(sp, ps)-set
and nano quasi sg-continuous in nano topological spaces and investigates some
of their properties. Also, we have given an appropriate examples to understand
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the abstract concepts clearly. Employing these notions, decompositions of nano-
continuous and some nano weakly-continuous functions are obtained.

2. PRELIMINARIES

The following recalls requisite ideas and preliminaries necessitated in the sequel
of our work.

Definition 2.1. [7]Let U be a non-empty finite set of objects called the universe
and R be an equivalence relation on U named as indiscernibility relation. Then U is
divided into disjoint equivalence classes. Elements belonging to the same equivalence
class are said to be indiscernible with one another. The pair (U,R) is said to be the
approximation space. Let X ⊆ U .
(i)The lower approximation of Xwith respect to R is the set of all objects, which
can be for certain classified as X with respect to R and is denoted by LR(X). That
is, LR(X) =

⋃
x∈U{R(x) : R(x) ⊆ X} where R(x) denotes the equivalence class

determined by x.
(ii)The upper approximation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and is denoted by UR(X). That is,
UR(X) =

⋃
x∈U{R(x) : R(x) ∩X 6= φ}.

(iii)The boundary region of X with respect to R is the set of all objects which can be
classified neither as X nor as not X with respect to R and it is denoted by BR(X).
That is, BR(X) = UR(X)− LR(X).

Definition 2.2. [6] Let U be the universe, R be an equivalence relation on U and
τR(X) = {U , φ, LR(X), UR(X), BR(X)} where X ⊆ U . Then τR(X) satisfies the
following axioms

(1) U and φ ∈ τR(X).
(2) The union of the elements of any subcollection of τR(X) is in τR(X).
(3) The intersection of the elements of any finite subcollection of τR(X) is in

τR(X).
That is, τR(X) is a topology on U called the nano topology on U with respect
to X. We call (U, τR(X)) as nano topological space. The elements of τR(X)
are called as nano-open sets. The complement of the nano-open sets are
called nano-closed sets.

Definition 2.3. [6] If (U, τR(X)) is a nano topological space with respect to X
where X ⊆ U and if A ⊆ U , then
(i)The nano-interior of A is defined as the union of all nano-open subsets of A and
it is denoted by Nint(A). That is, Nint(A) is the largest nano-open subset of A.
(ii)The nano-closure of A is defined as the intersection of all nano-closed sets con-
taining A and is denoted by Ncl(A). That is, Ncl(A) is the smallest nano-closed
set containing A

Definition 2.4. [6, 17] Let (U, τR(X)) be a nano topological space and A ⊆ U .
Then A is said to be

• nano semi-open if A ⊆ Ncl(Nint(A)).
• nano pre-open if A ⊆ Nint(Ncl(A)).
• nano α-open if A ⊆ Nint(Ncl(Nint(A))).
• nano semi pre-open if A ⊆ Ncl(Nint(Ncl(A))).
• Nr-open if A = Nint(Ncl(A)).

NSO(U,X), NPO(U,X), ταR(X), NSPO(U,X) and NRO(U,X) respectively de-
note the families of all nano semi-open, nano pre-open, nano α-open, nano semi
pre-open and nano regular-open subsets of U .
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Definition 2.5. [2] Let (U, τR(X)) be a nano topological space. A subset A of
(U, τR(X)) is called nano generalized- closed (briefly, Ng-closed) set, if Ncl(A) ⊆
V , where A ⊆ V and V is nano-open in U.

Definition 2.6. [1] Let (U, τR(X)) be a nano topological space. A subset A of
(U, τR(X)) is called nano semi generalized-closed (briefly, Nsg-closed) set, if Nscl(A)
⊆ V , where A ⊆ V and V is nano semi-open in U.

Definition 2.7. [7] Let (U, τR(X)) and (V, τR′ (Y )) be nano topological spaces.
Then the mapping f : (U, τR(X)) → (V, τR′ (Y )) is said to be nano-continuous on
U , if the inverse image of every nano-open set in V is nano-open in U .

Definition 2.8. Let (U, τR(X)) and (V, τR′ (Y )) be two nano topological spaces.
Then the mapping f : (U, τR(X))→ (V, τR′ (Y )) is

• nano semi-continuous[20], f−1(A) is nano semi-open on U for every nano-
open set in V .
• nano pre-continuous[20], f−1(A) is nano pre-open on U for every nano-

open set in V .
• nano α-continuous[12], if f−1(A) is nano α-open in U for every nano-open

set A in V .
• nano β-continuous (or nano semi pre-continuous)[16], if f−1(A) is nano
β-open set in U for every nano-open set A in V .
• nano complete-continuous [15], if the inverse image of every nano-open set

in V is nano regular-open in U .
• nano semi-generalized continuous [1] on U , if the inverse image of every

nano-open set in V is nano sg-open in U .

Definition 2.9. [6] A nano topological space (U, τR(X)) is said to be nano ex-
tremally disconnected, if the nano-closure of each nano-open set is nano-open.

Definition 2.10. [7] A subset A of a nano topological space (U, τR(X)) is said to
be nano-dense if Ncl(A) = U .

Definition 2.11. [9] Let (U, τR(X)) be a nano topological space and let A ⊆ U ,
then A is called nano nowhere dense if Nint(Ncl(A)) = φ

Definition 2.12. [18] The union of all nano semi pre-open sets which are contained
in A is called nano semi pre-interior of A and is denoted by Nβint(A) and if
x ∈ Nβint(A) then x is called nano semi pre-interior of A.

Definition 2.13. [19] Let (U, τR(X)) be a nano topological space and A ⊆ U .
Then

• Nβint(A) = A ∩Ncl(Nint(Ncl(A)).
• Nαint(A) = A ∩Nint(Ncl(Nint(A)).
• Nsint(A) = A ∩Ncl(Nint(A)).
• Npint(A) = A ∩Nint(Ncl(A)).

Definition 2.14. [19] Let (U, τR(X)) be a nano topological space and A ⊆ U .
Then A is said to be

• ND(c, α)-set if A ∈ ND(c, α) = {A ⊆ U |Nint(A) = Nαint(A)}.
• ND(c, p)-set if A ∈ ND(c, p) = {A ⊆ U |Nint(A) = Npint(A)}.
• ND(c, s)-set if A ∈ ND(c, s) = {A ⊆ U |Nint(A) = Nsint(A)}.
• ND(c, ps)-set if A ∈ ND(c, ps) = {A ⊆ U |Nint(A) = Npsint(A)}.
• Nic-set if Nint(A) is nano-closed in A.

Definition 2.15. [19] Let (U, τR(X)) and (V, τR′ (Y )) be two nano topological
spaces.
Then the mapping f : (U, τR(X))→ (V, τR′ (Y )) is
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• nano ic-continuous, if f−1(A) is a nano ic-set in U for every nano-open
set A in V .

• ND(c, p)-continuous, if f−1(F ) is a ND(c, p)-set in U for each nano-open
set F in V .

• ND(c, s)-continuous, if f−1(F ) is a ND(c, s)-set in U for each nano-open
set F in V .

• ND(c, ps)-continuous, if f−1(F ) is a ND(c, ps)-set in U for each nano-
open set F in V .

• ND(c, α)-continuous, if f−1(F ) is a ND(c, α)-set in U for each nano-open
set F in V .

3. The classes of ND(c, s)-set and related sets

In this section, we define and study the notions of ND(α, p)-set, ND(α, ps)-set,
ND(α, s)-set, ND(c, sp)-set, ND(α, sp)-set, ND(p, ps)-set, ND(p, sp)-set, ND(sp, ps)-
set and also the following decompositions were obtained in nano topological spaces

Theorem 3.1. For a nano topological space (U, τR(X)), we have

(1) A map f : (U, τR(X))→ (V, τR′ (Y )) is nano-continuous if and only if it is
Nα-continuous and ND(c, α)-continuous.

(2) A map f : (U, τR(X))→ (V, τR′ (Y )) is nano-continuous if and only if it is
nano pre-continuous and ND(c, p)-continuous.

(3) A map f : (U, τR(X))→ (V, τR′ (Y )) is nano-continuous if and only if it is
nano semi-continuous and ND(c, s)-continuous.

(4) A map f : (U, τR(X))→ (V, τR′ (Y )) is nano-continuous if and only if it is
nano pre semi-continuous and ND(c, ps)-continuous.

To prove the Theorem 3.1, we need to prove the following four lemmas.

Lemma 3.2. For a nano topological space (U, τR(X)), the following hold.
ταR(X) ∩ND(c, α) = τR(X).
Proof: The conditions A ∈ ταR(X) and A ∈ ND(c, α) imply A = Nαint(A)
and Nint(A) = Nαint(A) and consequently A ∈ τR(X). Conversely, if A ∈
τR(X), then A = Nint(A) and A = Nαint(A) since τR(X) ⊆ ταR(X). Thus
A ∈ ταR(X) ∩ND(c, α) which finishes the proof.

Lemma 3.3. For a nano topological space (U, τR(X)), the following hold.
NPO(U, τR(X)) ∩ND(c, p) = τR(X).
Proof: If A ∈ NPO(U, τR(X)) ∩ ND(c, p), then A = Npint(A) and Nint(A) =
Npint(A) and consequently A = Nint(A) which means A ∈ τR(X). Conversely if
A ∈ τR(X) then A = Nint(A)) and Consequently A = Npint(A) since Nint(A) ⊆
Npint(A)). Thus we have Nint(A) = Npint(A) = A . So A ∈ NPO(U, τR(X)) ∩
ND(c, p) which finishes the proof.

Lemma 3.4. For a nano topological space (U, τR(X)), the following hold.
NSO(U, τR(X)) ∩ND(c, s) = τR(X).
Proof: Since the proof is analogous to that the Lemma 3.3, it is omitted.

Lemma 3.5. For a nano topological space (U, τR(X)), the following hold.
NPSO(U, τR(X)) ∩ND(c, ps) = τR(X).
Proof: Since the proof is analogous to that the Lemma 3.3, it is omitted.

Proof of Theorem 3.1(1), 3.1(2), 3.1(3) and 3.1(4) are all similar. Statement
of Theorem 3.1(1)(resp. Theorem 3.1(2), Theorem 3.1(3), and Theorem 3.1(4))
follows easily from Lemma 3.2(resp. Lemma 3.3, Lemma 3.4 and Lemma 3.5).
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We use the following standard notations:

Definition 3.6. Let (U, τR(X)) be a nano topological space and A ⊆ U . Then

• ταR(X) = {A ⊆ U |A = Nαint(A)}.
• NPO(U, τR(X)) = {A ⊆ U |A = Npint(A)}.
• NSO(U, τR(X)) = {A ⊆ U |A = Nsint(A)}.

Recall that in [1] If (U, τR(X)) is a nano topological space with respect to X
where X ⊆ U and if A ⊆ U , then
i)The nano semi-closure of A is defined as the intersection of all nano semi-closed
sets containing A and is denoted by Nscl(A). Nscl(A) is the smallest nano semi-
closed set containing A and Nscl(A) ⊆ A.
ii)The nano semi-interior of A is defined as the union of all nano semi-open subsets
of A and is denoted by Nsint(A). Nsint(A) is the largest nano semi-open subset
of A and Nsint(A) ⊆ A.

In [15] Let τR(X) be a nano topological space on U with respect to X.
i) The intersection of all NPC(U,X) sets of U containing a subset A is called the
NPclosure(U,X) of A.
ii) The union of all NPO(U,X) sets of U contained in A is called the
NPinterior(U,X) of A.
Note that Nscl(A) = A ∪Nint(Ncl(A)).
Observe also that Npcl(A) = A ∪Ncl(Nint(A)).

From [19] we haveNsint(A) = A∩Ncl(Nint(A)) andNpint(A) = A∩Nint(Ncl(A)).

We note that in [19] sets having the property A ⊆ Ncl(Nint(Ncl(A)) are called
nano semi-preopen.

In this paper we use the term ”nano pre-semiopen”, sinceA ⊆ Ncl(Nint(Ncl(A))
if and only if A ⊆ Nsint(Nscl(A)), but a subset A satisfying A ⊆ Npcl(Npint(A)),
according to the term ”nano semi-pre open” need not be nano pre-semi open.

Thus we make the following definition:

Definition 3.7. Let (U, τR(X)) be a nano topological space and A ⊆ U . Then

• Nspint(A) = {A ∩ (Ncl(Nint(A) ∪Nint(Ncl(A))}
• Npsint(A) = A ∩Ncl(Nint(Ncl(A)).
• NSPO(U, τR(X)) = {A ⊆ U |A = Nspint(A)}.
• NPSO(U, τR(X)) = {A ⊆ U |A = Npsint(A)}.

Now the following definition is natural:

Definition 3.8. Let (U, τR(X)) be a nano topological space and A ⊆ U . Then

• ND(α, p)-set if A ∈ ND(α, p) = {A ⊆ U |Nαint(A) = Npint(A)}.
• ND(α, ps)-set if A ∈ ND(α, ps) = {A ⊆ U |Nαint(A) = Npsint(A)}.
• ND(α, s)-set if A ∈ ND(α, s) = {A ⊆ U |Nαint(A) = Nsint(A)}.
• ND(c, sp)-set if A ∈ ND(c, sp) = {A ⊆ U |Nint(A) = Nsint(A)∩Npint(A)}
• ND(α, sp)-set if A ∈ ND(α, sp) = {A ⊆ U |Nint(A) = Nsint(A)∩Npint(A)}
• ND(p, ps)-set if A ∈ ND(p, ps) = {A ⊆ U |Npint(A) = Npsint(A)}.
• ND(p, sp)-set if A ∈ ND(p, sp) = {A ⊆ U |Npint(A) = Nspint(A)}
• ND(sp, ps)-set if A ∈ ND(sp, ps) = {A ⊆ U |Nspint(A) = Npsint(A)}

The relations between the different classes of defined sets are in figure 1. None
of the implications can be reversed.
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Figure 1

Example 3.9. Let U = {a, b, c} with U/R = {{a}, {b, c}} and X = {a}. Then
τR(X) = {U, φ, {a}}. Let A = {b, c}. The subset {b, c} is ND(c, ps)-set but not
nano pre semi-open. Therefore A ∈ ND(c, ps)-set and A /∈ NPSO(U, τR(X)).

Example 3.10. In Example 3.9, Let A = {a, b}. The subset {a, b} is ND(sp, ps)-
set but not ND(c, s)-set. Therefore A ∈ ND(sp, ps)-set and A /∈ ND(c, s)-set.

Example 3.11. In Example 3.9, Let A = {a, c}. The subset {a, c} is ND(α, sp)-set
but not ND(c, α)-set. Therefore A ∈ ND(α, sp)-set and A /∈ ND(c, α)-set.

Example 3.12. In Example 3.9, Let A = {a, c}. The subset {a, c} is ταR(X) but
not ND(c, α)-set. Therefore A ∈ ταR(X) and A /∈ ND(c, α)-set.

Example 3.13. In Example 3.9, Let A = {b, c}. The subset {b, c} is NSO(U, τR(X))∩
ND(c, p)-set but not ND(p, sp)-set. Therefore A ∈ NSO(U, τR(X))∩ND(c, p)-set
and A /∈ ND(p, sp)-set.

Example 3.14. Let U = {a, b, c} with U/R = {{a}, {b, c}} and X = {b, c}. Then
τR(X) = {U, φ, {b, c}}. Let A = {b}. The subset {b} is nano semi pre-open but not
nano semi-open. Therefore A ∈ NSPO(U, τR(X)) and A /∈ NSO(U, τR(X)).

Example 3.15. Let U = {a, b, c, d} with U/R = {{a, d}, {b}, {c}} and X = {a, c}.
Then τR(X) = {U, φ, {c}, {a, c, d}, {a, d}}. Let A = {a, c, d}. The subset {a, c, d} is
nano semi pre-open but not nano pre-open. Therefore A ∈ NSPO(U, τR(X)) and
A /∈ NPO(U, τR(X)).

Remark 3.16. Note that if A is Nsp-open, i.e. A ∈ NSPO(U, τR(X)), i.e. A ⊆
(Ncl(Nint(A) ∪Nint(Ncl(A))}, then A need not be either nano pre-open or nano
semi-open.

Example 3.17. Let U = {a, b, c, d} with U/R = {{a, b}, {c}, {d}} and X = {a, b}.
Then τR(X) = {U, φ, {b, c}}. Let A = {a, d}. The subset {a, d} is nano semi pre-
open but not nano semi-open and nano pre-open. Therefore A ∈ NSPO(U, τR(X))

International Journal of Scientific Research and Review

Volume 7, Issue 9, 2018

ISSN NO: 2279-543X

http://dynamicpublisher.org/845



and A /∈ NSO(U, τR(X)) and A /∈ NPO(U, τR(X)). Thus A is neither nano semi-
open nor nano pre-open but Ais clearly Nsp-open.

Our next results provide alternative characterizations of the notion of nano ic-
subsets.

Proposition 3.18. Let A be a subset of (U, τR(X)). Then the following are equiv-
alent.

(1) A is nano interior-closed.
(2) Nint(A) = Ncl(Nint(A)) ∩A .
(3) Nsint(A) = Nint(A).

Proof: (1) ⇒ (2): We have Nint(A) = P ∩ Q, where P is nano-closed. Then
Nint(A) ⊆ P ⇒ Ncl(Nint(A) ⊆ P , and so Nint(A) = Ncl(Nint(A)) ∩Q.
(2)⇒ (3): By the result Nsint(A) = A ∩Ncl(Nint(A)).
(3) ⇒ (1): Now Nint(A) = Nsint(A) = A ∩ Ncl(Nint(A)), so that Nint(A) is
nano-closed in A

Proposition 3.19. Let A be a subset of (U, τR(X)). Then the following are equiv-
alent.

(1) A is nano interior-closed.
(2) A = U ∪E, where U is nano-open, E is nano codense and Ncl(U)∩E = φ

Proof: (1) ⇒ (2); Let U = Nint(A) and E = A − Nint(A). Then A = U ∪ E,
and U is nano-open and E is nano codense. By Proposition 3.18, Ncl(U) ∩ E =
Ncl(Nint(A)) ∩A ∩ (U −Nint(A) = Nint(A) ∩ (U −Nint(A)) = φ as required.

(2)⇒ (1): We claim that U = Nint(A). It is clear that U ⊆ Nint(A). Now sup-
pose there is a point x ∈ (Nint(A))−U . Then x /∈ Ncl(U) and there is an open set
Gx containing x such that Gx ⊆ A and Gx∩U = φ. Hence Gx ⊆ E, a contradiction.
Thus U = Nint(A) and Ncl(Nint(A)∩A = Ncl(U)∩ (U ∪E) = U = Nint(A), so
that A is Nic, by Proposition 3.18.

Now we show that nano interior-closed has appropriate property .

Theorem 3.20. If A is a subset of (U, τR(X)), then A is nano-open if and only if
A is Nic and nano semi-open.
Proof: Only the sufficiency requires proof. If A is Nic, then Nint(A) = Ncl(int(A)∩
A. If A is nano semi-open, then A ⊆ Ncl(Nint(A), so that Ncl(int(A)) ∩ A = A.
Hence Nint(A) = A and A is nano-open.

The following theorem characterizes ND(c, s)-sets and will be used throughout
the paper. Compare it with Proposition(3.18).

Theorem 3.21. For a subset A of the nano topological space U the following
conditions are equivalent:

(1) A is a ND(c, s)-set.
(2) A\Nint(A) ∈ τR(X)
(3) Nint(A) = A ∩Ncl(Nint(A).

Proof: (1)⇒ (2). By (1) Nint(A) = A ∩Ncl(Nint(A)). Thus Nint(A) is a nano
closed subset of A, i.e. A\Nint(A) ∈ τR(X)
(2)⇒ (3). By (2) Nint(A) = A∩C, where C is nano-closed in U . Since Nint(A) ⊆
C, then Ncl(Nint(A)) ⊆ C. Hence Nint(A) = Nint(A) ∩ Ncl(Nint(A)) = A ∩
C ∩Ncl(Nint(A)) = A ∩Ncl(Nint(A)).
(3)⇒ (1). NsintA = A ∩Ncl(Nint(A)) = Nint(A).

Theorem 3.22. For a subset A of the nano topological space U the following
conditions are equivalent:
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(1) A is nano-open.
(2) Nα-open and a ND(c, s)-set.
(3) A is nano semi-open and a ND(c, s)-set.

Proof: (1) ⇒ (2). Every nano-open set is Nα-open. Since A = Nint(A), then
A ∩Ncl(Nint(A)) = A ∩Ncl(A) = A = Nint(A). Thus by Theorem 3.21, A is a
ND(c, s)-set.
(2)⇒ (3) is trivial.
(3) ⇒ (1). By (3) Ncl(A) = Ncl(Nint(A)) and Nint(A) = A ∩ Ncl(Nint(A)).
Hence Nint(A) = A ∩Ncl(A) = A.

In the following example we show that nano semi-open and ND(c, s)-sets are
independent concepts.

Example 3.23. Let U = {a, b, c} with U/R = {{a}, {b, c}} and X = {a}. Then
τR(X) = {U, φ, {a}}. Define f : (U, τR(X) → (V, τR′ (Y )) be the identity function.
The subset {a, b} is nano semi-open but not ND(c, s)-set.

Example 3.24. In Example 3.23, the subset {b, c} is ND(c, s)-set but not nano
semi-open.

Theorem 3.25. Every singleton {u} of a nano topological space U is a ND(c, s)-
set.
Proof: If {u} is nano-open, then Nint{u} = {u} = {u} ∩ Ncl({u}) = {u} ∩
Ncl(Nint({u}). If {u} is not nano-open, then Nint({u}) = φ = {u}∩Ncl(Nint({u})).

In the next two theorems by a nano codense set, we mean a set whose complement
is nano dense, i.e. a set whose nano interior is void.

Theorem 3.26. Every nano codense subset of a nano topological space U is a
ND(c, s)-set.
Proof: NintA = φ = A ∩Ncl(Nint(A)).

In the two theorems above ND(c, s)-set cannot be replaced with the stronger no-
tion ND(c, ps)-set.

However the following theorem holds. By a nano nowhere dense set we mean a
set whose nano-closure is nano codense, i.e. Nint(Ncl(A)) = φ

Theorem 3.27. Every nano nowhere dense subset of a nano topological space U
is a ND(c, ps)-set.
Proof: NpsInt(A) = A ∩Ncl(Nint(Ncl(A))) = A ∩ (Ncl(φ)) = φ = Nint(A).

Theorem 3.28. Every connected ND(c, s)-set A of a nano topological space U is
either nano-open or nano codense.
Proof: Since A is a ND(c, s)-set, by Theorem 3.21, Nint(A) is a nano-closed sub-
set of (A, τR(X)). Since it is also nano-open and since A is connected, then either
NintA = A or NintA = φ.

The next theorem shows that nano extremally disconnected spaces could be char-
acterized via ND(c, s) and related sets. Recall that a space U is called nano
extremally disconnected if and only if the nano-closure of every nano-open set
is nano-open. The collection of all nano-regular closed, nano-closed and nano
semi-closed sets in (U, τR(X)) is denoted by NRC(U, τR(X)), NC(U, τR(X)) and
NSC(U, τR(X)) respectively.

Theorem 3.29. For a nano topological space U the following conditions are equiv-
alent
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(1) U is nano extremally disconnected.
(2) NC(U, τR(X)) ⊆ ND(c, s).
(3) NRC(U, τR(X)) ⊆ ND(c, s).

Proof: (1) ⇒ (2). If A ⊆ U is nano-closed, then by (1)Nint(A) is nano-closed.
Hence Nint(A) = Ncl(Nint(A)) = Ncl(A) ∩Ncl(Nint(A)) = A ∩Ncl(Nint(A)).
By Theorem 3.21, A is a ND(c, s)-set.
(2)⇒ (3) is trivial.
(3) ⇒ (1). If P ⊆ U is nano-open, then Ncl(P ) = A is nano regular-closed and
by (3) a ND(c, s)-set. Thus by Theorem 3.21, Nint(A) = A ∩ Ncl(Nint(A)) =
A ∩A = A and so A = Ncl(P ) is nano-open.

Theorem 3.30. For a nano topological space U the following conditions are equiv-
alent

(1) NC(U, τR(X)) ⊆ ND(c, ps)
(2) NC(U, τR(X)) ⊆ ND(p, sp).
(3) NSC(U, τR(X)) ⊆ ND(c, ps).
(4) NSC(U, τR(X)) ⊆ ND(p, sp).
(5) NC(U, τR(X)) ⊆ ND(c, s).

Proof: (1)⇒ (2) is trivial (from the Figure 1).
(2)⇒ (3). If K ⊆ U is nano semi-closed, then Nint(Ncl(K)) ⊆ K, so Nint(Ncl(K)) =
Nint(K) and by (2)Ncl(k) ⊆ ND(p, sp).
Thus Nint(K) = Nint(Ncl(K)) = Ncl(K) ∩ Nint(Ncl(K)) = Npint(Ncl(K)) =
Nsp(Nint(Ncl(K))) = Ncl(K)∩((Ncl(Nint(Ncl(K)∪Nint(Ncl(K))) = Ncl(Nint(Ncl(K)).
Consequently, Nint(K) = K ∩Nint(K) = K ∩Ncl(Nint(Ncl(K)) = Npsint(K).
So K ∈ ND(c, ps).
(3)⇒ (4) is trivial, (from the Figure 1).
(4) ⇒ (1). Let K = Ncl(K). Then K is nano semi-closed and by (4) we
have Npint(K) = K ∩ Nint(Ncl(K)) = NspInt(K) = K ∩ (Ncl(Nint(K)) ∪
Nint(Ncl(K))). Thus Nint(K) = K ∩ Nint(K) = K ∩ Nint(Ncl(K)) = K ∩
((Ncl(Nint(K)) ∪Nint(Ncl(K)) = K ∩ (Ncl(Nint(Ncl(K))) ∪Nint(Ncl(K))) =
K ∩Ncl(Nint(Ncl(K)) = Npsint(K). So K ∈ ND(c, ps).
(1)⇒ (5) is trivial.
(5)⇒ (1). Let A ⊆ U be nano-closed. By (5)A ∈ ND(c, s).
Thus by Theorem 3.21, NintA = A ∩ (Ncl(Nint(A)) = A ∩ Ncl(Nint(Ncl(A)).
Hence A ∈ ND(c, ps).

The proof of the next theorem is based on techniques used before in this paper
(it is an enlargement of Theorem 3.22) and hence it is omitted.

Theorem 3.31. For a nano topological space (U, τR(X)) the following hold:

(1) ND(sp, ps) ∩NPSO(U, τR(X)) = NSPO((U, τR(X)).
(2) ND(p, sp) ∩NSPO(U, τR(X)) = NPO(U, τR(X)).
(3) ND(p, ps) ∩NPSO(U, τR(X)) = NPO(U, τR(X)).
(4) ND(α, p) ∩NPO(U, τR(X)) = ταR(X).
(5) ND(α, p) ∩NSPO(U, τR(X)) = NSO(U, τR(X)).
(6) ND(α, ps) ∩NPSO(U, τR(X)) = ταR(X).
(7) ND(α, s) ∩NSO(U, τR(X)) = ταR(X).
(8) ND(α, sp) ∩NPO(U, τR(X)) = NPSO((U, τR(X)).
(9) ND(c, p) ∩NPO(U, τR(X)) = τR(X)) .

(10) ND(c, ps) ∩NPSO(U, τR(X)) = τR(X))
(11) ND(c, s) ∩NSO(U, τR(X)) = τR(X))
(12) ND(c, α) ∩ ταR(X) = τR(X))
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The above theorem can be verified from the following example.

Example 3.32. Let U = {a, b, c} with U/R = {{a}, {b, c}} and X = {a}. Then
τR(X) = {U, φ, {a}}. In (U, τR(X)),

(1) ND(sp, ps)-set = {{a}, {b}, {c}, {a, b}, {a, c}, {b, c}, U, φ}.
(2) NPSO(U, τR(X)) = {{a}, {a, b}, {a, c}, U, φ}.
(3) NSPO(U, τR(X)) = {{a}, {a, b}, {a, c}, U, φ}.
(4) ND(p, sp)-set = {{a}, {a, b}, {a, c}, U, φ}.
(5) ND(p, ps)-set = {{a}, {b}, {c}, {a, b}, {a, c}, {b, c}, U, φ}.
(6) NPO(U, τR(X)) = {{a}, {a, b}, {a, c}, U, φ}.
(7) ND(α, p)-set = {{a}, {b}, {c}, {a, b}, {a, c}, {b, c}, U, φ}.
(8) ταR(X) = {{a}, {a, b}, {a, c}, U, φ}.
(9) NSO(U, τR(X)) = {{a}, {a, b}, {a, c}, U, φ}.

(10) ND(α, ps)-set = {{a}, {b}, {c}, {a, b}, {a, c}, {b, c}, U, φ}.
(11) ND(α, s)-set = {{a}, {b}, {c}, {a, b}, {a, c}, {b, c}, U, φ}.
(12) ND(α, sp)-set = {{a}, {b}, {c}, {a, b}, {a, c}, {b, c}, U, φ}.
(13) ND(c, p)-set = {{a}, {b}, {c}, {b, c}, U, φ}.
(14) ND(c, ps)-set = {{a}, {b}, {c}, {b, c}, U, φ}.
(15) ND(c, s)-set = {{a}, {b}, {c}, {b, c}, U, φ}.
(16) ND(c, α)-set = {{a}, {b}, {c}, {b, c}, U, φ}.

From Example 3.32, we summarize the following table

Table 1

4. New decompositions of nano-continuity and nano
generalized-continuity

We say that a function f : U → V is nano pre semi-continuous = (resp. nano
semi-pre continuous) if for every nano-open set B of V , f−1(B) ∈ NPSO(U, τR(X))
(resp.f−1(B) ∈ NSPO(U, τR(X)). As a consequence of Theorems 3.22 and 3.31
we have the following decomposition of nano-continuity.

Theorem 4.1. Let f : U → V be a function. Then the following conditions are
equivalent

(1) f is nano-continuous.
(2) f is nano semi-continuous and ND(c, s)-continuous.
(3) f is nano pre-continuous and ND(c, p)-continuous.
(4) f is nano pre semi-continuous and ND(c, ps)-continuous.
(5) f is Nα - continuous and ND(c, α)-continuous.
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(6) f is Nα -continuous and ND(c, s)-continuous.

Proof: (1) ⇒ (2) Suppose we take B be an nano-open set in V . Since f is nano-
continuous, then f−1(B) is nano-open set in U . Since every nano-open set is
nano semi-open and ND(c, s)-set, Therefore we have f−1(B) is nano semi-open
and ND(c, s)-set in U . Thus we have f is nano semi-continuous and ND(c, s)-
continuous.
(2) ⇒ (3). Suppose we take B be a nano semi-open and ND(c, s)-set in V . Since
f is nano semi-continuous and ND(c, s)-continuous, then f−1(B) is nano semi-
open and ND(c, s)-set in set in U . Since every nano semi-open and ND(c, s)-set
is nano pre-open and ND(c, p)-set, Therefore we have f−1(B) is nano pre-open
and ND(c, p)-set in U . Thus we have f is nano pre-continuous and ND(c, p)-
continuous.
Proof of (3)⇒ (4), (4)⇒ (5), (5)⇒ (6) are obvious.

The next theorems are straightforward consequences of Table 1.

Theorem 4.2. For a function f : (U, τR(X)) → (V, τR′ (Y )) the following condi-
tions are equivalent

(1) f is Nα - continuous.
(2) f is nano semi-continuous and ND(sp, ps)-continuous.
(3) f is nano pre-continuous and ND(p, sp)-continuous.
(4) f is nano semi pre-continuous and ND(p, ps)-continuous.
(5) f is nano semi-continuous and ND(α, p)-continuous.
(6) f is nano pre semi-continuous and ND(α, ps)-continuous.
(7) f is nano semi-continuous and ND(α, s)-continuous.
(8) f is nano semi pre-continuous and ND(α, sp)-continuous.
(9) f is nano pre-continuous and ND(α, sp)-continuous.

Theorem 4.3. For a function f : (U, τR(X)) → (V, τR′ (Y )), the following condi-
tions are equivalent

(1) f is nano semi-continuous.
(2) f is nano pre-continuous and ND(sp, ps)-continuous.
(3) f is nano Nα -continuous and ND(p, ps)-continuous.
(4) f is nano semi pre-continuous and ND(α, p)-continuous.
(5) f is nano pre-continuous and ND(α, ps)-continuous.
(6) f is nano Nα -continuous and ND(α, s)-continuous.
(7) f is nano Nα -continuous and ND(α, sp)-continuous.

Theorem 4.4. For a function f : (U, τR(X)) → (V, τR′ (Y )), the following condi-
tions are equivalent

(1) f is nano pre-continuous.
(2) f is nano Nα -continuous and ND(sp, ps)-continuous.
(3) f is nano semi pre-continuous and ND(p, sp)-continuous.
(4) f is nano pre semi-continuous and ND(p, ps)-continuous.
(5) f is nano pre-continuous and ND(α, p)-continuous.
(6) f is nano Nα -continuous and ND(α, ps)-continuous.
(7) f is nano semi pre-continuous and ND((α, , s)-continuous.
(8) f is nano semi-continuous and ND(α, sp)-continuous.

Theorem 4.5. For a function f : (U, τR(X)) → (V, τR′ (Y )), the following condi-
tions are equivalent

(1) f is nano semi pre-continuous.
(2) f is nano pre semi-continuous and ND(sp, ps)-continuous.
(3) f is nano pre semi-continuous and ND(p, sp)-continuous.
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(4) f is nano pre-continuous and ND(p, ps)-continuous.
(5) f is nano Nα -continuous and ND(α, p)-continuous.
(6) f is nano semi continuous and ND(α, ps)-continuous.
(7) f is nano pre-semi-continuous and ND(α, s)-continuous.
(8) f is nano pre-semi-continuous and ND(α, sp)-continuous.

Theorem 4.6. For a function f : (U, τR(X)) → (V, τR′ (Y )) the following condi-
tions are equivalent

(1) f is nano pre semi-continuous.
(2) f is nano semi pre-continuous and ND(sp, ps)-continuous.
(3) f is nano semi-continuous and ND(p, sp)-continuous.
(4) f is nano semi-continuous and ND(p, ps)-continuous.
(5) f is nano pre-semi-continuous and ND(α, p)-continuous.
(6) f is nano semi pre-continuous and ND(α, ps)-continuous.
(7) f is nano Nα -continuous and ND(α, s)-continuous.
(8) f is nano pre-continuous and ND(α, sp)-continuous.

Theorem 4.7. For a function f : (U, τR(X)) → (V, τR′ (Y )) the following condi-
tions are equivalent

(1) f is nano-continuous.
(2) f is nano pre semi-continuous and ND(c, p)-continuous.
(3) f is nano semi pre-continuous and ND(c, p)-continuous.
(4) f is nano pre-continuous and ND(c, p)-continuous.
(5) f is nano semi-continuous and ND(c, p)-continuous.
(6) f is nano Nα -continuous and ND(c, p)-continuous.
(7) f is nano pre semi-continuous and ND(c, ps)-continuous.
(8) f is nano semi pre-continuous and ND(c, ps)-continuous.
(9) f is nano pre-continuous and ND(c, ps)-continuous.

(10) f is nano semi-continuous and ND(c, ps)-continuous.
(11) f is nano Nα -continuous and ND(c, ps)-continuous.
(12) f is nano pre semi-continuous and ND(c, s)-continuous.
(13) f is nano semi pre-continuous and ND(c, s)-continuous.
(14) f is nano pre-continuous and ND(c, s)-continuous.
(15) f is nano semi-continuous and ND(c, s)-continuous.
(16) f is nano Nα -continuous and ND(c, s)-continuous.
(17) f is nano pre semi-continuous and ND(c, α)-continuous.
(18) f is nano semi pre-continuous and ND(c, α)-continuous.
(19) f is nano pre-continuous and ND(c, α)-continuous.
(20) f is nano semi-continuous and ND(c, α)-continuous.
(21) f is nano Nα -continuous and ND(c, α)-continuous.

5. Decomposition of nano complete-continuous functions

Recall that a function f : (U, τR(X)) → (V, τR′ (Y )) with respect to U and V
respectively, is called nano complete continuous[15], if the inverse image of every
nano-open set in V is nano regular-open in U .

Recall that a function f : (U, τR(X)) → (V, τR′ (Y )) with respect to U and V
respectively, is called nano regular semi-open in [14], if there is a nano regular-open
U such that U ⊆ A ⊆ Ncl(U). The family of all nano regular semi-open sets of U
is denoted by NRSO(U, τR(X))

In this section we obtain a decomposition of nano regular-open sets using the
concept of nano regular semi-open sets. The main result was that a set is nano
regular-open if and only if it is nano-open and nano regular semi-open. It follows
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that we improve their result by replacing nano-open with Nα-open and nano regular
semi-open with nano sg-closed.

Theorem 5.1. For a subset A of the nano topological space U , the following con-
ditions are equivalent

(1) A is nano regular-open.
(2) A is nano-open and nano regular semi-open.
(3) A is nano-open and nano semi-closed.
(4) A is nano-open and nano sg-closed.
(5) A is nano α-open and nano sg-closed.

Proof: (1)⇒ (2), (2)⇒ (3), (3)⇒ (4) and (4)⇒ (5) are straight-forward.
(5) ⇒ (1). Since A is nano semi-open and nano sg-closed, then Nscl(A) ⊆ A,
i.e. A is nano semi-closed. Thus since A is nano pre-open and nano semi-closed
Nint(Ncl(A)) ⊆ A ⊆ Nint(Ncl(A)), or equivalently A = Nint(Ncl(A)).

In [1] Bhuvaneswari and Ezhilarasi introduced the notion of nano semi-generalized
continuity.
In order to obtain a decomposition of nano-complete continuity, we generalize Nsg-
continuity to nano quasi sg-continuity.

Definition 5.2. A function f : (U, τR(X))→ (V, τR′ (Y )) is called nano quasi sg-
continuous on U , if the inverse image of every nano-open set in V is nano sg-closed
in U.

In the following example we show thatNα-continuity and nano quasi sg-continuity
are independent concepts.

Example 5.3. Let U = {a, b, c} with U/R = {{a}, {b, c}} and X = {a}. Then

τR(X) = {U, φ, {a}}. and Let V = {a, b, c} with V/R
′

= {{a}, {b, c}} and Y = {a}.
Then τR′ (Y )) = {V, φ, {a}}. Define f : (U, τR(X) → (V, τR′ (Y )) be the identity
function. Then f is Nα-continuous(even nano-continuous) but not nano quasi sg-
continuous, since {a} is not nano sg-closed in (U, τR(X)).

Example 5.4. Let U = {a, b, c} with U/R = {{a}, {b, c}} and X = {a}. Then

τR(X) = {U, φ, {a}}. and Let V = {a, b, c} with V/R
′

= {{a}, {b, c}} and Y =
{b, c}. Then τR′ (Y ) = {V, φ, {b, c}} Define f : (U, τR(X) → (Y, τR′ (Y )) be the
identity function. Then f is nano quasi sg-continuous but not Nα-continuous.
since {b, c} is not Nα-open in (U, τR(X)).

By Theorem 5.1, we obtain the following decomposition of nano complete-continuity:

Theorem 5.5. Let f : U → V be a function. Then the following conditions are
equivalent:

(1) f is nano complete-continuous.
(2) f is nano-continuous and nano quasi sg-continuous.
(3) f is Nα-continuous and nano quasi sg-continuous.

The next example shows that the Nα-continuity in the decomposition above
cannot be reduced to nano semi pre-continuity, not even to nano semi-continuity
or nano pre-continuity.

Example 5.6. Let U = {a, b, c} with U/R = {{a, b}, {c}} and X = {b, c}. Then

τR(X) = {U, φ, {a, b}, {c}} and Let V = {a, b, c} with V/R
′

= {{a}, {b, c}} and
Y = {a}. Then τR′ (Y )) = {V, φ, {a}}. Define f : (U, τR(X) → (V, τR′ (Y )) be the
identity function. Then f is nano pre-continuous and nano quasi sg-continuous but
f is not even nano continuous.

International Journal of Scientific Research and Review

Volume 7, Issue 9, 2018

ISSN NO: 2279-543X

http://dynamicpublisher.org/852



Example 5.7. Let U = {a, b, c, d} with U/R = {{a, d}, {b}, {c}} and X = {a, c}.
Then τR(X) = {U, φ, {c} {a, c, d}, {a, d}}. Let V = {a, b, c} with V/R

′
= {{a}, {b, c}}

and Y = {b, c}. Then τR′ (Y ) = {V, φ, {b, c}}. Define f : (U, τR(X) → (V, τR′ (Y ))
be the identity function. Then f is nano semi-continuous and nano quasi sg-
continuous but f is not even nano continuous.

6. Conclusion

The theory of decomposition in nano topological spaces has a wide variety of
applications in real life. The decomposition of nano topological space can be applied
in the study of independence of real time problems and defining its attributes.
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