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Abstract 

Graphs are considered as an excellent modeling tool which is used to model many type of relations amongst any 

physical situation. In this Paper We discuss a new Concept of Coloring of a Complete Planar Graph. Graph 

Coloring of a complete planar graph is possible only  Kn, ( n ≤ 4 vertices). The Four Color Theorem states that 

every Planar Graph is Four Colorable In every planar graph have a K4 sub graph then the planar graph is four 

colorable. A Complete graph with five vertices is non planar graph,  Every Planar graph with a Complete subgraph 

of Four vertices is Four Colorable 

. 

Key words: Graph Coloring, Planar Graph, Non Planar Graph, Complete Planar Graph, Complete Planar 

Subgraph.  

1. Introduction 
 

One was the four-color conjecture , which states that four colors are sufficient for coloring any atlas (a 

map on a plane) such that the countries with common boundaries have different colors. The Four Color 

theorem was proved by Kenneth Appel and Wolfgang  Haken in 1976 by using a computer. The proper 

coloring of a regions is also called map coloring, referring to the fact that in an atlas different countries 

are colored such that countries with common boundaries are shown in different colors. We are interested 

in coloring that uses the minimum number of colors. This leads us to the most famous conjecture in graph 

theory. The conjecture is that every map(a Planar Graph) can be properly colored with four colors. No 

one has yet been able to either prove the theorem or come up with a map that requires more than four 

color. 

 
1.1. Graph:  A Graph G = (V,E) consists of a set of objects V={v1,v2,v3,…} is called vertices, and 

another set E ={e1,e2,e3,…},whose elements are called edges, the most common representation of a graph 

is by means of a diagram, in which the vertices are represented as points and each edge as a line segment 

joining its end vertices. 

 

Fig.1.1 

1.2. Subgraphs: A graph g is said to be a subgraph of a graph G if all the vertices and all the edges of g 

are in G.(i.e., g is contained in G).in simple a single vertex in a graph G is a subgraph of G. 
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Fig.1.2 

1.3. Complete graph: A Simple graph in which there exists  an edge between every pair of vertices is 

called a complete graph. The following k5 is an example of complete graph with five vertices. 

 

Fig.1.3 

1.4. Planar graph: A graph G is said to be planar if there exists some geometric representation of G 

which can be drawn on a plane such that no two of its edges intersect.(See Fig.1.4). A Graph that cannot 

be drawn on a plane without a crossover between its edges is called non planar.(See Fig.1.5).  

                                     

                               Fig.1.4                                                                     Fig.1.5 

1.5. Complete planar graph: A Graph G is said to be a Complete planar graph if G is a Complete graph 

with all the vertices are joining to each other vertices by its edges. And the edges in the complete graph 

are not intersect to other is called Complete planar graph. K4 is an Example of complete planar Subgraph. 

 

 

Fig.1.6 
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1.6. Complete planar Subgraph: A Graph G is said to be a Complete planar subgraph if G is a planar 

graph and it has a suggraph of complete graph of G (Subgraph of G is also. Complete Planar. See Fig) 

 

 

                                             Fig.1.7 (a)                                         Fig.1.7 (b) 

 

2. Theorems on Planar graph 

 
Theorem.2.1 

A Connected planar graph with n vertices and e edges has e – n + 2 regions.(Euler’s Formula: Gives the 

number of regions in any planar graph). 

Theorem.2.2 

The Complete graph of five vertices is non planar. 

Proof  

Let the five vertices in the complete graph be named v1,v2,v3,v4, and v5. A complete graph is a simple 

graph in which every vertex is joined to every other vertex by means of an edge. This being the case, we 

must have a circuit going from  v1 to v2 to v3   to v4 to v5 to v1.that is a pentagon.(See Fig.1.9).This 

pentagon must divide the plane of  the  paper into two regions, one inside and the other 

outside(Jordan Curve  theorem).Since vertex v1 is to be connected to v3 by means of an edge, this edge 

may be  drawn inside or outside of a pentagon. Suppose that we choose to draw a  line from v1 to  v3 

inside the pentagon.  

         

          

Fig.1.9 
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(If we choose outside, we end up with the same argument.) Now we have to draw an edge from v2 to v4 

and another one from v2 to v5.Since the neither of these edges can be drawn inside the pentagon without 

crossing over the edge already drawn, we draw  both these edges outside the pentagon without the 

crossing the edge between v2 to  v4.therefore v3 and  v5 have to be connected with an edge inside the 

pentagon. (See Fig.). 

 

Now we have yet to draw an edge between v1 to v4.this edge cannot be placed inside or  outside the 

pentagon without a crossover. Thus a graph cannot be embedded in a plane. 

 Remark(i)   

 The complete graph kn (n ≥5) is not a planar graph. 

  

3. Four Color Problem 

 
The proper coloring of regions in a planar graph. Just as in coloring of vertices and edges.    the regions of 

a planar graph are said to be properly colored if no two adjacent regions have the same color. The proper 

coloring of regions is also called map coloring referring the fact that in an atlas different countries are 

colored such that countries with common boundaries are shown in different colors. A graph has a dual if 

and only if it is planar. Therefore coloring the regions of a planar graph G is equivalent to coloring the 

vertices of its dual and vice versa. Thus the four color conjecture can be restated as follows Every planar 

graph has a chromatic number of four or less. 

 

 

Fig.1.10 

 

 Remark(ii) 

 In a complete planar graph has n(≤ 4) vertices with properly colored with n ≤ 4 colors. 

3.1. Theorem: 

The vertices of  every planar graph can be properly colored with five colors. 

Proof: 

Let us consider a Planar graph with six vertices. by Four color theorem “Every Planar  Graph is Four 

colorable”.(See the fig.) the graph is properly colored with four  color(Properly color means necessary of 

minimum color to the adjacent regions without  same color. Suppose giving a proper color for vertices in 

a graph(Fig.) The vertices 1  have colored as red the adjacent vertices of vertex 1 is 2,4,5,6, so we 

assign different  
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Fig.1.11 

  

color for the vertex(i.e.,2-Blue,4-orange,5-Green,6-Yellow). Next we assign the color for  a vertex number 

3 is colored as Red which is adjacent to the vertex  2,4,5,6 so we assign  the color same to the vertex 

1(by the proper coloring).by the Five color theorem Every planar graph the proper coloring of all vertices 

is at most Five colors.  

 

3.2. Theorem: 

If G has a Complete Planar Subgraph then G has Four colorable. 

Proof: 

We prove this theorem by induction hypothesis, Let us consider a complete planar graph  with one vertex 

it has degree zero and has need only one color. Next we consider two  vertices, these vertices are 

connected by one edge and it is also an complete planar graph.  Then colored these vertices we need 

exactly two colors. Suppose we consider complete  planar graph with three vertex and it has 3 – 3 + 

2 = 2 regions and coloring the regions  we need only two colors. Suppose we consider Complete planar 

graph with four vertices and it has 5 – 4 +2 = 3 then coloring these region we need two or three different 

colors,  and it has a complete planar subgraph with two vertices. We remove one vertex from the 

complete planar graph we get complete planar subgraph and it has only four colorable. This theorem can 

to prove for planar graph for n vertices. And it has e – n +2 regions. This n vertices complete graph have 

must contain complete planar subgraph with four vertices. So we   conclude that a complete planar 

subgraph have only four vertices or less. 

 
Fig.1.12 
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Aliter proof: 

In above theorem, We prove  by contradiction method, Let us consider a complete graph with five 

vertices by theorem 2.2 a complete graph with five vertices it cannot be a planar graph and it does not 

contain a complete planar subgraph. So we conclude that a complete planar graph with n vertices( n ≤ 4) 

has a complete planar subgraph with four vertices or less. We proper color for this graph have only four 

colorable.  

Suppose we colored the regions of the  graph Fig.1.12 (By Euler’s formula :A connected planar graph 

with n vertices and e edges has e – n + 2 regions) has 5 vertices and 7 edges. It has  7 – 5 + 2 = 4 

Regions. Next we assign a color for the Four regions they don’t have same color for the common 

boundaries(Four Color Theorem).The regions have only  four colors  .            

  

4.Example.1 

 
Consider The Tamilnadu District map (Fig.1.14).Consider all the districts as veritces and connecting lines 

between them (Refer the figure 1.14).The centre of the region is denoted by vertices and the lines are 

named as Edges.In the figure all the lines are not intersect(Planar Graph).and all vertices are connected to 

the other vertices by an edge.In the Figure all are the Complete Planar graph Subgraph of degree Fore or 

less.(Fig.1.15). 

 

By the Theorem.3.2 a planar graph have a complete planar subgraph then it is four colorable.In the 

following map all the regions are proper colored by Minimum four colors. In the following map coloring 

all the Subgraphs are planar and complete with atmost four vertices.By theorem If G has a complete 

planar subgraph then  G has Four Colorable. The following is a two complete planar subgraphs are 

involved in the  map.  

 

 

 
                                         Fig.1.13 (a)                                                  Fig.1.13 (b) 
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 Fig.1.14 
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Fig.1.15 
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Example.2:  

Consider the India  map (Fig.1.16).Consider all the States as veritces and connecting lines between them 

(Refer the figure 1.16).The centre of the region is denoted by vertices and the lines are named as Edges.In 

the figure all the lines are not intersect(Planar Graph).and all vertices are connected to the other vertices 

by an edge.In the Figure all are the Complete Planar graph Subgraph of degree Fore or less.(Fig.1.17). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                 Fig.1.16 
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Fig.1.17 
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5. Conclusion 

 
 In Every planar graph have must contain a Complete planar subgraph of Four vertices or less. A 

Complete planar subgraph of Four vertices or less have a proper Coloring with Four colors. In a map 

coloring we colored a proper coloring the regions have only Four colors(Not exceed more than four 

colors). 
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