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Abstract 

In this paper, we introduce and study new classes of sets called  *-closed sets and properties are 

investigated. 
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1.Introduction 

The concept of generalized closed sets in a topological space was initiated by Levine [9] in 

1970,Arya.S.P.andNour.T [1] defined gs-closed sets in 1990, H.Maki, J.Umehara and T.Noiri 

[10] introduced the class of pre-generalized closed sets. In 2003, M.K.R.S.Veerakumar [16] 

introduced the concept of g -closed sets and their properties. C.Devamanoharan, S.PoiusMissier, 

and S.Jafari [5] introduced the concept of   closed set and their properties. In this paper, we 

introduce new classes of sets called *-closed sets in topological spaces and derived their 

properties. 

Mathematical Subject Classification:54A05 

2.Preliminaries 

Throughout this paper (X, ),(Y,  and (Z,   will always denote topological spaces on which no 

separation axioms are assumed, unless otherwise mentioned. When A is subset of 

(X, ),Cl(A),Int(A) denote the closure and the interior of A, respectively. We recall some known 

definitions needed in this chapter. 

Definition 2.1:Let (X,  ) be a topological space. A subset A of the space X is said to be 

1. pre-open[11] if A int(cl(A)) and pre closed if cl(int(A)) A. 

2. semi-open [8] if  A cl(int(A)) and semi –closed if int(cl(A)) A. 

3. α-open[12] if  A  int(cl(int(A))) and α-closed if cl(int(cl(A))) A. 

4. semi pre-open [2] if A cl(int(cl(A))) and semi pre-closed if int(cl(int(A))) A. 

5. regular open [15] if A=int(cl(A)) and regular closed if A=cl(int(A)). 

6.  -open [21] if it is the union of regular open sets.  

Definition 2.2: 

1. The Pre-interior of A, denoted by pint(A), is the union of all pre-open subsets containing 

A. 

2. The Pre-closure of A, denoted pcl(A), is the intersection of all Pre-closed sets containing 

A. 

Definition 2.3:Let (X, ) be a topological space. A subset A X is said to be 

1. generalized closed ( briefly g-closed)[9] if cl(A) U  whenever A U and  U is open in X. 

2. generalized pre-closed ( briefly gp-closed)[13] if pcl(A)  U and U is open in X. 

3. generalized pre-regular closed (briefly gpr-closed) [6] if pcl(A) U whenever A U and U 

is regular open in X. 
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4. pre-generalized closed (briefly pg-closed) [10] if pcl(A) U whenever A U and U is pre-

open in X. 

5. g*pre-closed (briefly g*p-closed)[17] if pcl(A) U and U is g-open in X. 

6. generalized semi-pre closed (briefly gsp-closed)[4] if spcl(A) U whenever A U and U is 

open in X. 

7. pre-semi-closed[18] if spcl(A) U whenever A U and U is g-open in X. 

8. ᴫgp-closed[14] if  pcl(A) U whenever A U and U is ᴫ-open in X. 

9.  -closed[19] if cl(A) U whenever A U and U is semi open in X. 

10. *g-closed[7] if cl(A) U whenever A U  and U i   -open in X. 

11. #g-semi closed (briefly #gs-closed)[20] if scl(A) U whenever  A U and U is *g-open in 

X. 

12. g -closed set [16] if cl(A) U whenever A U and U is 
#
gs-open in X. 

13. gs-closed set [1] if scl(A)  U whenever A U  and U is open in X. 
14. sg-closed set [3] if scl(A   U whenever A U and U is semi open in X. 

Definition 2.4: 
A subset A of a space (X, τ) i   aid to be  -closed[5] in (X, τ) if pcl(A)  int(U  whenever A U 
and U is g -open in (X, τ). 

 The complements of the above mentioned sets are called their respective open sets. 

3.Basic Properties of ρ*-Closed Sets 

We introduce the following definition. 

Definition  3.1: 

 A  ub et A of a  pace (X,τ) i   aid to be ρ*-clo ed in (X,τ) if pcl(A) int(U) whenever 

A U and U i  ρ-open in (X,τ). 

 

Theorem 3.2: 

Every open and pre-closed subset of (X,τ) i  ρ*-closed. 

Proof: 

Let A be an open and pre-closed subset of X. Let A U and U i  ρ -open in X. Since  A is 

pre-closed then pcl(A)=A. Since every open  et i  ρ-open then U is open. We know that 

U=int(U). Since pcl(A) Int(U). Hence A i  ρ*-closed. 

 The converse of the above theorem need not be true as it is seen from the following 

example. 

 

Example 3.3: 
 Let X={a,b,c}, τ={ϕ,{a},{a,c},X} and τ

c
= {X,{b,c},{b},ϕ}. 

ρ *-closed sets are {X,ϕ,{b},{c},{a,b},{b,c}}.  

pre-closed sets are {X,ϕ,{b},{c},{b,c}}. Here A={a,b} i  ρ*-closed but it is neither open set nor 

pre-clo ed  et in (X,τ). 

 

Theorem 3.4: 
 Every ρ*-closed set is gp-closed. 

Proof: 

Let A U and U i  open  et. Every open  et i  ρ -open. Since A i  ρ*-closed the 

pcl(A) U=int(U). Therefore pcl(A) U. Hence A is gp-closed set. 

The converse of the above theorem need not be true as it is seen from the following 

example. 

 

Example 3.5: 

Let X={a,b,c,d}, τ={ϕ,{c},{a,b},{a,b,c},X}and τ
c
={ϕ,{a,b,d},{c,d},{d},X}. 

gp-closed sets are {ϕ,{a},{b},{d},{b,c},{a,c},{c,d},{a,d},{a,b,c},{b,c,d},{c,d,a},{a,b,d},X}. 

ρ *-closed sets are {ϕ,{a},{b},{d},{b,c},{c,d},{a,d},{b,c,d},{a,c,d},{a,b,d},X}. 

Here A={a,c} is gp-clo ed but not ρ*-clo ed in (X,τ).    
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Theorem 3.6: 

 Every ρ*-closed set is gpr-closed. 

Proof: 

Let A U and U is regular open. Since every regular open set is open then U is open and 

every open  et i  ρ-open. i.e., U=int(U). Then A U=int(U). Since A i  ρ*-closed. We have 

pcl(A) int(U). Then A is gpr-closed. 

 The converse of the above theorem need not be true as it is seen from the following 

example. 

 

Example 3.7: 
Let X={a,b,c}, τ={ϕ,{a},{b},{a,b},X} and τ

c
={ϕ,{b,c},{a,c},{c},X}.gpr-closed sets are 

{ϕ,{c},{a,b},{b,c},{a,c},X}.ρ*-closed sets are {ϕ,{c},{a,c},{b,c},X}. Here A={a,b} is             

gpr-closed but not ρ*-clo ed in (X,τ). 

 

Theorem 3.8: 
Every ρ*-closed set is ᴫgp-closed. 

Proof: 

Let A U and U is ᴫ-open. Since every ᴫ-open set is open. Since every open set is ρ open 

then U is ρ-open. We know that U=int(U), then A U=int(U).  Since A i  ρ*-closed we have 

pcl(A) int(U). Hence A is ᴫgp-closed set. 

  The converse of the above theorem need not be true as it is seen from thefollowing 

example. 

Example 3.9: 

 Let X={a,b,c},  {ϕ,{a},{a,b},{a,c},X} and τ
c
={ϕ,{b,c},{c},{b},X}.  

ᴫgp-closed sets are{X,{a},{b},{c},{a,b},{b,c},{a,c},ϕ}. 

ρ *-closedsets are {X,{b},{c},{b,c},ϕ}. Here A={a,b} is  gp-clo ed but not ρ*-clo ed in (X,τ). 

 

Theorem 3.10: 

Every ρ*-closed set is gs-closed. 

Proof: 

Let A U and U is open. Since every open set is ρ-open then U is ρ-open.                    

i.e., U=int(U). Since A is ρ*-closed set. We have pcl(A) U=int(U). We know that 
scl(A  pcl(A  then scl(A  U. Hence A is gs-closed. 

 The converse of the above theorem need not be true as it is seen from the following 
example. 

Example 3.11: 
Let X={a,b,c},  ={ϕ,{a,c},X} and τ

c
={ϕ,{b},X}. 

ρ *-closed sets are {ϕ,{a},{b},{c},{a,b},{b,c},X}.  

gs-closed sets are { ϕ,{a},{c},{a,c},X}. Here A={a,c}  is gs-clo ed  but not ρ *-closed in (X,  ). 

Theorem 3.12: 

 Every ρ *-closed set is sg-closed. 

Proof: 

Let A U and U is semi-open. Since every semi-open set is ρ open, then U is ρ-open. 
i.e.,U int(U . Then A int(U .Since A i  ρ*-closed. We have scl(A)  pcl(A) and so scl(A)  U. 
Hence A is sg-closed. 
 The converse of the above theorem need not be true as it seen from the following 
example. 

Example 3.13: 
 Let X={a,b,c}, ={ϕ,{c},{b,c},X} and τ

c
={ϕ,{a,b},{a},X}.  

ρ *-closed sets are { ϕ,{a},{c},{a,b},{b,c},{a,c},X}.   

sg-closed sets are { ϕ,{a},{b},{a,b},X}. 

Here  A={b} issg-closed but not ρ*-closed in (X,  ). 
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Remark 3.14: 

ρ*-closedness is independent of semi-closedness and semi-pre-closedness are independent 

to each other as we illustrate by means of the following example. 

 

Example 3.15: 

 Let X={a,b,c,d}, ={ϕ,{b},{c},{b,c},{b,c,d},X} and τ
c
={ϕ,{a,c,d},{a,b,d},{a},X}. 

 ρ *-closed sets are {ϕ,{a},{b},{d},{b,c},{c,d},{b,d},{a,d},{a,c},{b,c,d},{a,c,d},{a,b,d},X}. 

semi-closed sets are {ϕ,{a},{b},{c},{d},{a,b},{c,d},{a,d},{b,d},{a,c},{a,c,d},{a,b,d},X}. 

 semi-pre closed sets are {ϕ,{a},{b},{c},{d},{a,b},{c,d},{a,d},{b,d},{a,c},{a,c,d},{a,b,d},X}. 

Then the  et A={b,c} i  ρ*-closed but neither semi-closed nor semi-pre-closed set and the set 

B={c} is both semi-closed and semi-pre clo ed but not ρ*-closed set. 

 

Remarks 3.16: 

ρ *-closedness and  -closedness are independent to each other as we illustrate by means 

ofthe following examples. 

 

Example 3.17: 

X={a,b,c}, τ={ϕ,{c},X} and τ
c
={ϕ,{a,b},X}.  -closed sets are{ϕ,{b},{c},{b,c},X}.ρ *-closed 

sets are {ϕ,{a},{b},{a,b},X}.Then the set A={c} is  -clo ed but not ρ*-closed and B={a} is  

ρ*-closed but not  -closed in (X,τ).  

Remark 3.18: 

 ρ*-closedness and pg-closedness are independent to each other as we illustrate by means 

of the following example. 

Example 3.19:  

 Let X={a,b,c,d},   {ϕ,{c},{a,b},{a,b,c},X} and τ
c
={ϕ,{a,b,d},{b,d},{d},X}. 

pg-closed  sets are {X,{a},{b},{d},{b,c},{c,d},{a,d},{b,d},{a,c},{a,c,d},{a,b,d},ϕ}. 

ρ *-closed sets are {X,{a},{d},{a,d},{b,d},{b,c,d},{a,c,d},ϕ}. 

Then the set A={b} is pg-clo ed but not ρ*-closed and B={b,c,d} i  ρ*-closed but not pg-closed 

in (X,  . 

Remark 3.20: 
 ρ*-closedness and g*p-closedness  are independent to each other as we illustrate by 

means of the following example. 

Example 3.21: 

 Let X={a,b,c,d},  {ϕ,{a},{c},{a,c},{a,c,d},X} and τ
c
={ϕ,{b,c,d},{a,b,d},{b,d},{b},X}. 

 ρ*-closed  sets are {ϕ,{b},{d},{b,c},{b,d},{a,b,c},{a,b,d},{b,c,d},X}. 

g*p-closed sets are {ϕ,{b},{d},{a,b},{b,d},{a,b,c},{b,c,d},{a,b,d},X}. 

 Then the  et A={b,c} i  ρ*-closed but not g
*
p-closed and the set B={a,b} is g*p-closed but not 

ρ*-closed in (X,  . 

Remark 3.22: 

 ρ*-closedness and g-closedness are independent to each other as we illustrate by means of 

the following examples. 

Example 3.23: 

1. X={a,b,c}=Y,  {ϕ,{a},{b,c},Y} and τ
c
={ϕ,{b,c},{a},Y}. 

ρ*-closedsets are {ϕ,{a},{c},{a,b},{a,c},{b,c}Y}. 

g-closed sets are {ϕ,{a},{b},{c},{a,b},{a,c},{b,c},X}.  

Then the set A={b} is g-closed  but not ρ*-closed in (X,  . 
2. X={a,b,c,d},    c},{a,b},{a,b,c},ϕ,X} and τ

c
={ϕ,{b,d},{d},X}.  

ρ*-closed set are {ϕ,{b},{d},{b,c},{c,d},{a,b,d},X}.  

g-closedset are {ϕ,{d},{c,d},{a,d},{b,d},{b,c,d},{a,c,d},X}. Then the  et A={a,b,d} i  ρ*-closed 

but not g-closed in (X,  . 
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Closed    semi-closed     semi-pre-closed   

 

    -closed                      g*p-closed        pre-semi-closed 

          

Open and  open and    

closed   pre-closed   *-closed set              sg-closed  

 

                                                gpr-closed           gs-closed         pg-closed     

 

Closed          g-closed  gp-closed             gp-closed 
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